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Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Èíñòèòóò ìàòåìàòèêè.



4 IV ðîññèéñêî-àðìÿíñêîå ñîâåùàíèå: òåçèñû êîíôåðåíöèè

The conference organized by

• Siberian Federal University (SFU), Krasnoyarsk, Russia;

• Steklov Mathematical Institute of the Russian Academy

of Sciences (SMI RAS), Moscow, Russia;

• Institute of Mathematics of National Academy of Sciences of Republic of Armenia,

Yerevan, Armenia.

The workshop will primarily focus

on the following aspects

• Multidimensional residues and integral representations;

• Geometry of discriminants, amoebas and coamoebas;

• Mathematical physics.

Sponsors of the conference

• Russian Foundation for Basic Research, grant 12-01-06074-ã

• Siberian Federal University

• Krasnoyarsk Regional Scienti�c Foundation

Contacts:

E-mail: scv.krasnoyarsk@gmail.com

Site: http://conf.sfu-kras.ru/conf/math2012

Fax: +7 391 206 21 67

Phone: +7 391 206 20 76, +7 391 206 21 48

Address: Russia, 660041, Krasnoyarsk, pr. Svobodnyi, 79,
Siberian Federal University, Institute of Mathematics.
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ÓÄÊ 517.53

ÍÀÈËÓ×ØÈÅ ÏÐÈÁËÈÆÅÍÈß ÖÅËÛÌÈ È ÌÅÐÎÌÎÐÔÍÛÌÈ
ÔÓÍÊÖÈßÌÈ

THE BEST APPROXIMATIONS BY ENTIRE AND MEROMORPHIC FUNCTIONS

Ñàðêèñ Àëåêñàíÿí

Èíñòèòóò Ìàòåìàòèêè, ÍÀÍ Àðìåíèè
asargis@instmath.sci.am, sargis.alexanyan@gmail.com

Çàäà÷à îá íàèëó÷øåì ðàâíîìåðíîì ïðèáëèæåíèè öåëûìè ôóíêöèÿìè íà óãëàõ
èññëåäîâàëàñü â ðàáîòàõ À. Êîáåðà [1], Ì. Êåëäûøà [2] (ñì. äîêàçàòåëüñòâà â [3]),
Í. Àðàêåëÿíà è äðóãèõ àâòîðîâ.

Â [4] ïîêàçàíî, ÷òî ôóíêöèþ f , ãîëîìîðôíóþ âíóòðè óãëà ðàñòâîðà α+δ, ò. å. òà-
êóþ, ÷òî ∆α+δ è íåïðåðûâíóþ íà ýòîì óãëå, (δ > 0) ìîæíî ðàâíîìåðíî ïðèáëèçèòü
íà ∆α öåëûìè ôóíêöèÿìè g, äëÿ ðîñòà êîòîðûõ áûëà ïîëó÷åíà îöåíêà, çàâèñÿùàÿ
ëèøü îò α, δ è îò ðîñòà ôóíêöèè f íà ∆α+δ; ýòè îöåíêè íåïîñðåäñòâåííî ïîêàçû-
âàþò âîçìîæíûé îïòèìàëüíûé ïîðÿäîê ðîñòà ôóíêöèè g â C, íî íè÷åãî íå ãîâîðÿò
îá èõ òèïå. Áîëåå òî÷íûå ðåçóëüòàòû î ðàâíîìåðíîì ïðèáëèæåíèè íà ∆α öåëûìè
ôóíêöèÿìè ïîëó÷åíû â ðàáîòàõ [4] è [5], â íèõ ïðèáëèæåíèå îñóùåñòâëÿåòñÿ íà ∆α,
ãäå ôóíêöèÿ f îïðåäåëåíà.

Ïîëó÷åííûå â äîêëàäå íîâûå ðåçóëüòàòû óëó÷øàþò è óòî÷íÿþò èçâåñòíûå
ïðåäûäóùèå ðåçóëüòàòû è òàêæå óäàåòñÿ îöåíèòü íå òîëüêî ïîðÿäîê ïðèáëèæà-
þùèõ öåëûõ ôóíöèé, íî è òèï ýòèõ ôóíêöèé. Â ÷àñòíîñòè äàåòñÿ ïîëîæèòåëüíûé
îòâåò ê òåîðåìå Êîáåðà ïðåäëîæåííîé â ðàáîòå [1].

Â äîêëàäå ðàññìàòðèâàåòñÿ òàêæå çàäà÷à íàèëó÷øåãî ðàâíîìåðíîãî è êàñàòåëü-
íîãî ïðèáëèæåíèÿ íà óãëå ∆α è íà ïîëîñå Sh ìåðîìîðôíûìè ôóíêöèÿìè îöåíêîé
ðîñòà ïðèáëèæàþùèõ ìåðîìîðôíûõ ôóíêöèé â òåðìèíàõ ðîñòà èõ íåâàíëèííîâñêîé
õàðàêòåðèñòèêè.

Â ðàáîòå [6] Òåð-Èñðàåëÿíà ðàññìàòðèâàëîñü çàäà÷à ðàâíîìåðíîãî è êàñàòåëüíî-
ãî ïðèáëèæåíèÿ ôóíêöèè f , ãîëîìîðôíîé â óãëå ∆α+δ, ìåðîìîðôíûìè ôóíêöèÿìè
â ∆α ñ îöåíêîé ðîñòà ïðèáëèæàþùèõ ìåðîìîðôíûõ ôóíêöèé â òåðìèíàõ ðîñòà èõ
íåâàíëèííîâñêîé õàðàêòåðèñòèêè. Çàòåì â ðàáîòå [7] áûë óòî÷íåí ðîñò ïðèáëèæàþ-
ùèõ ôóíêöèé. Â äîêëàäå ïðèáëèæåíèå îñóùåñòâëÿåòñÿ íà óãëå ∆α, ãäå îïðåäåëåíà
ôóíêöèÿ f , äîïîëíèòåëüíî óäîâëåòâîðÿþùàÿ íà ãðàíèöå ∆α íåêîòîðûì óñëîâèÿì.

Â ñëó÷àå ïîëîñû óëó÷øàþòñÿ ðåçóëüòàòû ïîëó÷åííûå â [8].
Àíàëîãè÷íàÿ çàäà÷à ðàâíîìåðíîãî è êàñàòåëüíîãî ïðèáëèæåíèÿ íà âåùåñòâåí-

íîé îñè R èññëåäîâàëàñü â ðàáîòå [9].
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ÓÄÊ 517.947.43

Î ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ×ÀÕ ÊÎÍÂÅÊÖÈÈ Ñ ÍÅËÈÍÅÉÍÎÉ ÑÈËÎÉ
ÏËÀÂÓ×ÅÑÒÈ

ON SOME CONVECTION PROBLEMS WITH NON�LINEAR
BUOYANCY FORCE

Â.Ê.Àíäðååâ1, Â. Á.Áåêåæàíîâà1, È.Â.Ñòåïàíîâà1

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê
andr@icm.krasn.ru, vbek@icm.krasn.ru, stepiv@icm.krasn.ru

1. Î êîíâåêöèè áèíàðíîé ñìåñè â âåðòèêàëüíîì ñëîå
Æèäêîñòè, âñòðå÷àþùèåñÿ â ïðèðîäå è òåõíîëîãè÷åñêèõ ïðîöåññàõ, êàê ïðà-

âèëî, íåîäíîðîäíû. Êîíâåêòèâíûå òå÷åíèÿ áèíàðíûõ ñìåñåé äîñòàòî÷íî ñëîæíû,
ïîñêîëüêó äâèæåíèå è äèôôóçèÿ ÷àñòèö ïðîèñõîäèò íå òîëüêî ïîä äåéñòâèåì ãðà-
äèåíòà êîíöåíòðàöèè, íî è ïîä âëèÿíèåì ãðàäèåíòà òåìïåðàòóðû. Òàêîå ÿâëåíèå
íàçûâàåòñÿ òåðìîäèôôóçèåé èëè ýôôåêòîì Ñîðå.

Äëÿ ñìåñè, õàðàêòåðèçóþùåéñÿ óðàâíåíèåì ñîñòîÿíèÿ

ρ = ρ0F (T,C)

ãäå ρ0 � ïëîòíîñòü æèäêîñòè ïðè ñðåäíèõ çíà÷åíèÿõ òåìïåðàòóðû T è êîíöåíòðàöèè
C, F (T,C) � ïîëîæèòåëüíàÿ ãëàäêàÿ ôóíêöèÿ, õàðàêòåðèçóþùàÿ ñèëó ïëàâó÷åñòè,
ðàññìîòðåíû äâà ðåæèìà äâèæåíèÿ, îïèñûâàþùèå ñòàöèîíàðíîå òå÷åíèå æèäêî-
ñòè â ïëîñêîì âåðòèêàëüíîì ñëîå. Ïðåäïîëàãàåòñÿ, ÷òî ãîðèçîíòàëüíàÿ êîìïîíåíòà
ñêîðîñòè ðàâíà íóëþ, à âåðòèêàëüíàÿ çàâèñèò òîëüêî îò ïîïåðå÷íîé êîîðäèíàòû.
Â ïåðâîì ñëó÷àå äâèæåíèå èíäóöèðóåòñÿ ïðîäîëüíûìè ïîñòîÿííûìè ãðàäèåíòàìè
äàâëåíèÿ, òåìïåðàòóðû è êîíöåíòðàöèè, â äðóãîì � ïîñòîÿííûì ãðàäèåíòîì êîí-
öåíòðàöèè è ëèíåéíûì ïî âåðòèêàëüíîé êîìïîíåíòå ãðàäèåíòîì äàâëåíèÿ. Â òîì
è äðóãîì ñëó÷àå óðàâíåíèÿ äâèæåíèÿ ñâîäÿòñÿ ê íåëèíåéíîé ñèñòåìå ÎÄÓ âòîðîãî
ïîðÿäêà, êîòîðûå, â ñâîþ î÷åðåäü, ñâåäåíû ê îïåðàòîðíûì óðàâíåíèÿì. Â êà÷åñòâå
ãðàíè÷íûõ óñëîâèé íà ñòåíêàõ çàäàþòñÿ óñëîâèÿ ïðèëèïàíèÿ, òåìïåðàòóðà, îòñóò-
ñòâèå ïîòîêà âåùåñòâà. Ñðåäíÿÿ êîíöåíòðàöèÿ â ñëîå ñ÷èòàåòñÿ èçâåñòíîé.

Äëÿ ïîñòàâëåííûõ çàäà÷ äîêàçàí ðÿä îáùèõ ñâîéñòâ, íàéäåíû ðåøåíèÿ, ïðîàíà-
ëèçèðîâàíà çàâèñèìîñòü ïàðàìåòðîâ òå÷åíèÿ îò õàðàêòåðà íåëèíåéíîñòè ôóíêöèè
F (T,C), ïîêàçàíî îòëè÷èå ðåçóëüòàòîâ îò êëàññè÷åñêîé ìîäåëè òåðìîäèôôóçèè â
ïðèáëèæåíèè Îáåðáåêà � Áóññèíåñêà.

2. Óñòîé÷èâîñòü ðàâíîâåñíûõ ñîñòîÿíèé è êîíâåêòèâíûõ òå÷åíèé æèä-
êîñòåé

Ñ öåëüþ èçó÷åíèÿ ìåõàíèçìà ãëóáèííîé öèðêóëÿöèè âîä â îçåðå Áàéêàë [1] ðàñ-
ñìîòðåí ðÿä çàäà÷ òåîðèè ãèäðîäèíàìè÷åñêîé óñòîé÷èâîñòè. ßñíî, ÷òî îáíîâëåíèå

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò � 11-01-00283, è ÑÎ ÐÀÍ, ìåæäèñöèïëèíàðíûé èíòåãðàöèîí-
íûé ïðîåêò � 44
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ãëóáèííûõ âîä õàðàêòåðèçóåòñÿ íàëè÷èåì íåñêîëüêèõ îñíîâíûõ ìåõàíèçìîâ. Èíòåí-
ñèâíîñòü âåðòèêàëüíîãî âîäîîáìåíà è ñâÿçàííûõ ñ ýòèì ïðîöåññîâ ïåðåíîñà ïðèìå-
ñåé, âî ìíîãîì îïðåäåëÿåò òåìïåðàòóðíàÿ è ïëîòíîñòíàÿ ñòðàòèôèêàöèÿ âîä îçåðà.
Â ðàìêàõ ïðèáëèæåíèÿ Îáåðáåêà � Áóñèèíåñêà ó÷èòûâàëèñü îñîáåííîñòè ñòðàòè-
ôèêàöèè âîäíîé òîëùè:
- èñïîëüçîâàíû óðàâíåíèÿ ñîñòîÿíèÿ, ïîçâîëÿþùèå ó÷åñòü ýôôåêò ñæèìàåìîñòè âî-
äû íà áîëüøèõ ãëóáèíàõ è àíîìàëèþ òåïëîâîãî ðàñøèðåíèÿ æèäêîñòè;
- â óðàâíåíèå ýíåðãèè ââåäåíà ôóíêöèÿ òåïëîâîãî èñòî÷íèêà, îïèñûâàþùàÿ ïîãëî-
ùåíèå ñîëíå÷íîé ðàäèàöèè è îïðåäåëÿþùàÿ òåìïåðàòóðíóþ ñòðàòèôèêàöèþ æèä-
êîñòè, êàê â áåçë¼äíûé ïåðèîä, òàê è ïðè íàëè÷èè ëåäÿíîãî ïîêðîâà.

Èçó÷åíû çàäà÷è îá óñòîé÷èâîñòè ðàâíîâåñíûõ ñîñòîÿíèé ñëîÿ âÿçêîé òåïëîïðî-
âîäíîé ñëàáîñæèìàåìîé æèäêîñòè è äâóõñëîéíûõ ñèñòåì ñ âåðõíåé ñâîáîäíîé ïî-
âåðõíîñòüþ è â ñëó÷àå, êîãäà ñèñòåìà îãðàíè÷åíà òåïëîïðîâîäÿùåé âåðõíåé ñòåíêîé
êîíå÷íîé òîëùèíû.

Ïîñòðîåíî ðåøåíèå, ñîäåðæàùåå íåçàâèñèìûé ïàðàìåòð è îïèñûâàþùåå ñòàöèî-
íàðíîå êîíâåêòèâíîå òå÷åíèå â öèëèíäðå áîëüøîãî ðàäèóñà, îãðàíè÷åííîãî ñâåðõó
è ñíèçó òâåðäûìè ñòåíêàìè.

Âïåðâûå ïðåäïðèíÿòà ïîïûòêà îöåíèòü âëèÿíèå ñîëíå÷íîãî èçëó÷åíèÿ è îïòè-
÷åñêèõ ñâîéñòâ âîäû íà òåïëîâîé ðåæèì æèäêîñòè è óñòîé÷èâîñòü ìåõàíè÷åñêîãî
ðàâíîâåñèÿ ñèñòåìû è êîíâåêòèâíîãî òå÷åíèÿ. Âî âñåõ çàäà÷àõ îïðåäåëåíû îáëàñòè
íåóñòîé÷èâîñòè, äëèíû âîëí êðèòè÷åñêèõ âîçìóùåíèé è ïàðàìåòðû âîçìóùàþùèõ
âîçäåéñòâèé.

ËÈÒÅÐÀÒÓÐÀ

1. Shimaraev M.N., Verbolov V.A., Granin N.G., Sherstyankin P.P Physical limnology
of Lake Baikal: a Review. Irkutsk�Okayama, 1994. 80 p.
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ÓÐÀÂÍÅÍÈÅ ÂÈÍÅÐÀ-ÕÎÏÔÀ Â ÍÅÑÈÌÌÅÒÐÈ×ÅÑÊÎÌ
ÇÀÊÐÈÒÈ×ÅÑÊÎÌ ÑËÓ×ÀÅ

THE WIENER-HOPF EQUATION IN THE NON-SYMMETRICAL SUPERCRITICAL
CASE

Ëåâîí Àðàáàäæÿí

Èíñòèòóò Ìàòåìàòèêè, ÍÀÍ Àðìåíèè
arabajyan@mail.ru

Ïóñòü J � åäèíè÷íûé îïåðàòîð, à K̆ � ñêàëÿðíûé èíòåãðàëüíûé îïåðàòîð
Âèíåðà-Õîïôà:

(K̆f)(x) =

∫ ∞
0

K(x− t)f(t)dt, x ∈ R+ ≡ (0,∞), K ∈ L1(R1),

äåéñòâóþùèå â îäíîì èç ïðîñòðàíñòâ Lp(R
+), 1 ≤ p ≤ ∞, èëè C(R+). Ðàçëîæåíèå

îïåðàòîðà J − K̆ â âèäå

J − K̆ = (J − V̆−)(J − V̆+), (1)

ãäå V̆± � âîëüòåððîâûå îïåðàòîðû âèäà

(V̆+f)(x) =

∫ x

0

V+(x−t)f(t)dt, (V̆−f)(x) =

∫ ∞
x

V−(t−x)f(t)dt, x ∈ R+, V± ∈ L1(R
+),

èìååò íåïîñðåäñòâåííîå ïðèìåíåíèå â âîïðîñàõ ðàçðåøèìîñòè èíòåãðàëüíîãî óðàâ-
íåíèÿ Âèíåðà-Õîïôà:

f(x) = g(x) +

∫ ∞
0

K(x− t)f(t)dt, x ∈ R+, (2)

ñâîäÿ ðåøåíèå ýòîãî óðàâíåíèÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ âîëüòåððîâûõ óðàâ-
íåíèé.

Ïîñòðîåíèå ôàêòîðèçàöèè (2) ïîñðåäñòâîì ðåøåíèÿ ñëåäóþùåé ñèñòåìû íåëè-
íåéíûõ ôóíêöèîíàëüíûõ óðàâíåíèé: V+(x) = K+(x) =

∫∞
0 V−(t)V+(t+ x)

V−(x) = K−(x) =
∫∞

0 V+(t)V−(t+ x),
x ∈ R+, (3)

ãäå K±(x) = K(±x), x > 0, áûëî ðåàëèçîâàíî â [1].
Óðàâíåíèÿ âèäà (2) ñ äåéñòâèòåëüíûìè íåîòðèöàòåëüíûìè ñóììèðóåìûìè ÿä-

ðàìè K: 0 ≤ K ∈ L1(R1), ìîæíî êëàññèôèöèðîâàòü ïîñðåäñòâîì âåëè÷èíû

µ =

∫ ∞
0

K(x)dx :
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(a) 0 < µ < 1 � äèññèïàòèâíûå óðàâíåíèÿ;
(b) µ = 1 � êîíñåðâàòèâíûå óðàâíåíèÿ;
(c) µ > 1 � çàêðèòè÷åñêèå óðàâíåíèÿ.

Â ðàáîòå [1] áûëà ïîäðîáíà èçó÷åíà çàäà÷à (1) â ñëó÷àÿõ (a) è (b), è ïîëó÷åííûå
ðåçóëüòàòû ïðèìåíåíû ê èññëåäîâàíèþ âîïðîñîâ ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ
îäíîðîäíûõ è íåîäíîðîäíûõ óðàâíåíèé (2) ïðè µ ≤ 1. (Îòìåòèì, ÷òî â ñëó÷àå (b)

îïåðàòîð J − K̆ íåîáðàòèì â ëþáîì èç ïðîñòðàíñòâ Lp(R
+), 1 ≤ p ≤ ∞, C(R+)).

Ïóñòü K̂(s) � ïðåîáðàçîâàíèå Ôóðüå ÿäðà K. Ãëóáîêîå èññëåäîâàíèå ôàêòîðèçà-

öèè (1) â çàêðèòè÷åñêîì ñëó÷àå (c), êîãäà ñèìâîë îïåðàòîðà J − K̆ (èëè óðàâíåíèÿ
(2)) èìååò äåéñòâèòåëüíûé êîðåíü s = s0 ∈ R+ (ýòî óñëîâèå âûïîëíÿåòñÿ, â ÷àñòíî-
ñòè, êîãäà ÿäðî K � ÷åòíàÿ ôóíêöèÿ), à ñàìè ôóíêöèè K±(x) = K(±), x > 0 âïîëíå
ìîíîòîííû íà R+:

K± ∈ C∞(R+) è (−1)nK
(n)
± ≥ 0 íà R+,

áûëà ïðîâåäåíà â [2]. Â ñëó÷àå, êîãäà ÿäðî K � ÷åòíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ
óñëîâèÿì

µ > 1; 0 ≤ K ∈ L1(R
+) ∩ C2(R+),K(1) ≤ 0, 0 ≤ K(2) ↓ íà R+,

â [3] ïîñòðîåíà ôàêòîðèçàöèÿ (1), ãäå ÿäðà V± � êîìïëåêñíîçíà÷íûå ôóíêöèè èç
L1(R

+).
Îáîáùåíèåì ïîñëåäíåãî ðåçóëüòàòà ÿâëÿåòñÿ:

Òåîðåìà 1. Â çàêðèòè÷åñêîì ñëó÷àå (ñ), åñëè ñèìâîë îïåðàòîðà J − K̆ (óðàâ-

íåíèÿ (2)) èìååò äåéñòâèòåëüíûé êîðåíü s = s0 ∈ R: 1 − K̂(s0) = 0, a ôóíêöèè
K±(x) = K(±), x > 0 óäîâëåòâîðÿþò óñëîâèÿì:

0 ≤ K± ∈ L1(R
+) ∩ C2(R+), K

(1)
± ≤ 0, K

(2)
± ≤ 0 ↓ íà R+,

òî ñóùåñòâóåò ôàêòîðèçàöèÿ (1), ïðè÷åì ÿäðà V± îïåðàòîðîâ V̆± ÿâëÿþòñÿ
êîìïëåêñíîçíà÷íûìè ôóíêöèÿìè, ïðèíàäëåæàùèìè L1(R

+).

ËÈÒÅÐÀÒÓÐÀ

1. Åíãèáàðÿí Í. Á., Àðóòþíÿí À. À., Èíòåãðàëüíûå óðàâíåíèÿ íà ïîëóïðÿìîé ñ
ðàçíîñòíûìè ÿäðàìè è íåëèíåéíûå ôóíêöèîíàëüíûå óðàâíåíèÿ. Ìàòåìàòè-
÷åñêèé Ñáîðíèê, 1975, òîì 97, �5.

2. Åíãèáàðÿí Í. Á., Åíãèáàðÿí Á. Í., Èíòåãðàëüíûå óðàâíåíèÿ ñâåðòêè íà ïî-
ëóïðÿìîé ñî âïîëíå ìîíîòîííûìè ÿäðàìè. Ìàòåìàòè÷åñêèé Ñáîðíèê, 1996,
òîì 187, �10.

3. Àðàáàäæÿí Ë.Ã., Îá èíòåãðàëüíîì óðàâíåíèè Âèíåðà-Õîïôà â çàêðèòè÷åñêîì
ñëó÷àå. Ìàòåìàòè÷åñêèé Ñáîðíèê, 2004, òîì 76, �1.
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ÐÅØÅÍÈÅ ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ Â ÄÂÈÆÓÙÅÉÑß ÑÐÅÄÅ

SOLUTION OF TRANSFER EQUATION IN MOVING MEDIUM

À.Ã.Áàðñåãÿí

Èíñòèòóò Ìàòåìàòèêè ÍÀÍ ÐÀ
anibarseghyan@mail.ru

Ðàññìàòðèâàåòñÿ çàäà÷à ïåðåíîñà â ñïåêòðàëüíîé ëèíèè â ñëó÷àå, êîãäà ñðåäà ðàñ-
øèðÿåòñÿ ñ ïîñòîÿííûì ãðàäèåíòîì ñêîðîñòè. Ýòà çàäà÷à âîçíèêàåò â âîïðîñàõ èçó-
÷åíèÿ ëèíåé÷àòûõ ñïåêòðîâ òóìàííîñòåé, îáîëî÷åê íåñòàöèîíàðíûõ çâåçä è äð. Â
ñëó÷àå ïîëíîãî ïåðåðàñïðåäåëåíèÿ ïî ÷àñòîòàì èñêîìàÿ ôóíêöèÿ èñòî÷íèêà óäî-
âëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ:

S(τ) = S0(τ) +
λ

2

∫ R

r

K(|τ − t|)S(t)dt, 0 < λ ≤ 1, (1)

ãäå

K(τ) = A

∫ ∞
−∞

α(x)dx

∫ 1

0

α(x+ γτη) exp

(
−
∫ x

0

α(x+ γηz)
dz

η

)
dη

η
, (2)

γ > 0, 0 < α ∈ L1(−∞,∞), A =

[∫ ∞
−∞

α(x)dx

]−1

.

Â îòëè÷èå îò ðÿäà õîðîøî èçâåñòíûõ çàäà÷ ïåðåíîñà, ÿäåðíàÿ ôóíêöèÿ (2)
íå ïðåäñòàâëåíà ÷åðåç ñóïåðïîçèöèè ýêñïîíåíò. Ýòî îáñòîÿòåëüñòâî ñóùåñòâåííî
óñëîæíÿåò ÷èñëåííî-àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèÿ (1). Ïðåäëàãàåòñÿ ìåòîä ðå-
øåíèÿ (1), ñîñòîÿùèé èç ñëåäóþùèõ ýòàïîâ:

à) Ïðîâîäèòñÿ äèñêðåòèçàöèÿ óðàâíåíèÿ ïî τ , ïðèìåíåíèåì ìåòîäà óñðåäíåíèÿ
ÿäðà Í. Á. Åíãèáàðÿíà è àâòîðà. Çàäà÷à ñâîäèòñÿ ê àëãåáðàè÷åñêîé ñèñòåìå ñ òåï-
ëèöåâîé ìàòðèöåé. Ïîëó÷åíà îöåíêà òî÷íîñòè êàê ïî ðàâíîìåðíîé, òàê è ïî èíòå-
ãðàëüíîé íîðìå.

á) Ñòðîèòñÿ ôàêòîðèçàöèÿ Âèíåðà-Õîïôà áåñêîíå÷íîé 2N + 1 äèàãîíàëüíîé
òåïëèöåâîé ìàòðèöû, ïîðîæäåííîé äèñêðåòèçîâàííûì óðàâíåíèåì, ïóòåì ðåøåíèÿ
íåëèíåéíîãî óðàâíåíèÿ ôàêòîðèçàöèè.

â) Â ñëó÷àå ïîëóïðîñòðàíñòâà çàäà÷à ðåøàåòñÿ ñ ïðèâëå÷åíèåì íåáîëüøèõ äî-
ïîëíèòåëüíûõ ïðîöåäóð. Â ñëó÷àå ñðåäû êîíå÷íîé òîëùèíû ïðèìåíÿåòñÿ ¾ìåòîä
ïðîäîëæåíèÿ¿, ðàçâèòûé Í. Á. Åíãèáàðÿíîì è àâòîðîì. Ñîãëàñíî ýòîìó ìåòîäó, çà-
äà÷à ñâîäèòñÿ ê ðåøåíèþ áåñêîíå÷íîé ñèñòåìû ñ òåïëèöåâîé ìàòðèöåé è ñèñòåìû ñ
ãàíêåëåâîé ìàòðèöåé.



14 IV ðîññèéñêî-àðìÿíñêîå ñîâåùàíèå: òåçèñû êîíôåðåíöèè
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÏÐÎÁËÅÌÛ Ñ ÄÂÓÌß ÏÐÅÏßÒÑÒÂÈßÌÈ

NUMERICAL SOLUTION OF THE DOUBLE OBSTACLE PROBLEM

R. Barkhudaryan1, S. Sajadini

Institute of Mathematics, NAS of Armenia
Department of Mathematics,The Royal Institute of Technology

rafayel@instmath.sci.am, sadna@kth.se

Let us consider a double obstacle problem which consists in minimizing the cost
functional

J (v) :=
1

2

∫
Ω

|∇v|2dx−
∫

Ω

fvdx,

over the set of admissible �deformations�

K := {v ∈ H1(Ω), ϕ ≤ v ≤ ψ, x ∈ Ω, v(x) = g(x), x ∈ ∂Ω}.

Here we assume that n ≥ 2 and Ω ⊂ Rn is a bounded open subset with Lipschitz-regular
boundary,

g : ∂Ω→ R, f : Ω→ R
are given functions such that g is continuous and located between the obstacles (ϕ(x) 6
v(x) 6 ψ(x), x ∈ ∂Ω).

In the presented work we propose an algorithm for solving the double obstacle problem
based on a �nite di�erence method with 5 point stencil.

1R. Barkhudaryan would like to thank G�oran Gustafssons Foundation for visiting appointment to KTH.
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ÎÄÍÎÇÍÀ×ÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÛ ÍÀ ÊÎÌÏÀÊÒÍÎÉ ÐÈÌÀÍÎÂÎÉ
ÏÎÂÅÐÕÍÎÑÒÈ

SINGLE-VALUED DIFFERENTIALS ON A COMPACT RIEMANN SURFACE

Ì.È. Ãîëîâèíà, Â.Â.×óåøåâ1

Ãîðíî-Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ãîðíî-Àëòàéñê;
Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî

aniram.ru@googlemail.com; vvchueshev@mail.ru

Òåîðèÿ îäíîçíà÷íûõ (àáåëåâûõ) äèôôåðåíöèàëîâ (îñîáåííî ñëó÷àè q = 1, q = 2)
äàæå íà ôèêñèðîâàííîé ïîâåðõíîñòè íàøëè ìíîãî÷èñëåííûå ïðèëîæåíèÿ â óðàâíå-
íèÿõ ìàòåìàòè÷åñêîé ôèçèêè, ïðè àëãåáðî-ãåîìåòðè÷åñêîì èíòåãðèðîâàíèè ðÿäà
íåëèíåéíûõ óðàâíåíèé â ðàáîòàõ Íîâèêîâà Ñ.Ï., Êðè÷åâåðà È.Ì., Äóáðîâèíà Á.À.,
Òàéìàíîâà È.À. è â òåîðåòè÷åñêîé ôèçèêå (Äèê Ð., Êëèìåê C.), à òàêæå â àíàëèòè-
÷åñêîé òåîðèè ÷èñåë â ðàáîòàõ Ôàðêàøà Õ., Êðà È.

Ïóñòü F � ôèêñèðîâàííàÿ êîìïàêòíàÿ îðèåíòèðîâàííàÿ ïîâåðõíîñòü ðîäà g ≥ 2,
ñ îòìå÷àíèåì {ak, bk}gk=1, ò. å. óïîðÿäî÷åííûì íàáîðîì îáðàçóþùèõ äëÿ π1(F ), à F0

� ðèìàíîâà ïîâåðõíîñòü ñ ôèêñèðîâàííîé êîìïëåêñíî-àíàëèòè÷åñêîé ñòðóêòóðîé
íà F .

Òåîðåìà 1. Íà ïåðåìåííîé êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè Fµ ðîäà g ≥ 2
äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà q > 1 ñóùåñòâóåò ýëåìåíòàðíûé q�äèôôåðåíöèàë
τq,Q1Q2

òðåòüåãî ðîäà òî÷íî ñ ïðîñòûìè ïîëþñàìè

Q1 = Q1[µ], Q2 = Q2[µ] ∈ Fµ,

ëîêàëüíî ãîëîìîðôíî çàâèñÿùèé îò ìîäóëåé [µ] ïîâåðõíîñòè Fµ, ó êîòîðîãî îáùèé
âèä äèâèçîðà (τq,Q1Q2

) = R1···RN
Q1Q2

, ãäå

ϕ(R1 · · ·Rg) = −2K[µ]q + ϕ(Q1Q2)− ϕ(Rg+1 · · ·RN)

â ìíîãîîáðàçèè ßêîáè J(Fµ). Ïðè ýòîì òî÷êè Rg+1, ..., RN âûáèðàþòñÿ êàê ëîêàëü-
íî ãîëîìîðôíîå ñå÷åíèå äèâèçîðîâ ñòåïåíè N − g íàä ïðîñòðàíñòâîì Òåéõìþëëå-
ðà Tg, N = (2g−2)q+2, è Q1 = Q1[µ], Q2 = Q2[µ] � ëîêàëüíî ãîëîìîðôíûå ñå÷åíèÿ
äèâèçîðîâ ñòåïåíè 1 íà Fµ äëÿ [µ] èç ëþáîé îäíîñâÿçíîé îêðåñòíîñòè U [µ0] ⊂ Tg.

Òåîðåìà 2. Íà ïåðåìåííîé êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè Fµ ðîäà g ≥ 2
äëÿ ëþáûõ íàòóðàëüíûõ ÷èñåë m ≥ 2, q > 1 ñóùåñòâóåò ýëåìåíòàðíûé q�
äèôôåðåíöèàë

τ
(m)
q,Q = (

1

zm
+O(1))dzq, z(Q) = 0

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 12-01-00210-à è Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âå-
äóùèõ íàó÷íûõ øêîë (ÍØ-7347.2010.1).
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ñ ïîëþñîì â ëþáîé òî÷êå Q = Q[µ] ∈ Fµ òî÷íî ïîðÿäêà m, ëîêàëüíî ãîëîìîðôíî

çàâèñÿùèé îò [µ], ó êîòîðîãî îáùèé âèä äèâèçîðà (τ
(m)
q,Q ) = R1···RN

Qm , ãäå

ϕ(R1 · · ·Rg) = −2K[µ]q + ϕ(Qm)− ϕ(Rg+1 · · ·RN).

Ïðè ýòîì òî÷êè Rg+1, ..., RN âûáèðàþòñÿ êàê ëîêàëüíî ãîëîìîðôíîå ñå÷åíèå äèâè-
çîðîâ ñòåïåíè N−g íàä Tg, ãäå N = (2g−2)q+m è Q = Q[µ] � ëîêàëüíî ãîëîìîðô-
íîå ñå÷åíèå äèâèçîðîâ ñòåïåíè 1 íà Fµ äëÿ [µ] èç ëþáîé îäíîñâÿçíîé îêðåñòíîñòè
U [µ0] ⊂ Tg.

Ðàññìîòðèì

Ω(
1

P α1
1 · · ·P

αl
l Pl+1 · · ·Ps

;Fµ)

� ïðîñòðàíñòâî àáåëåâûõ äèôôåðåíöèàëîâ, êðàòíûõ äèâèçîðó 1
P
α1
1 ···P

αl
l Pl+1···Ps

ïðè

s > 1, 0 ≤ l ≤ s.

Òåîðåìà 3. Âåêòîðíîå ðàññëîåíèå⋃
[µ]

Ω(
1

P α1
1 · · ·P

αl
l Pl+1 · · ·Ps

;Fµ)

ÿâëÿåòñÿ ãîëîìîðôíûì âåêòîðíûì ðàññëîåíèåì ðàíãà α1 + · · ·+ αl + s− l + g − 1
íàä Tg, ãäå íàáîð

ζ1, ..., ζg, τ
(2)
P1
, ..., τ

(α1)
P1

, ..., τ
(2)
Pl
, ..., τ

(αl)
Pl

, τP1P2
, ..., τP1Ps

èç 1−äèôôåðåíöèàëîâ ÿâëÿåòñÿ áàçèñîì ëîêàëüíî ãîëîìîðôíûõ ñå÷åíèé ýòîãî ðàñ-
ñëîåíèÿ.

ËÈÒÅÐÀÒÓÐÀ

1. ×óåøåâ Â. Â. Ìóëüòèïëèêàòèâíûå ôóíêöèè è äèôôåðåíöèàëû Ïðèìà íà ïå-
ðåìåííîé êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè. Êåìåðîâî:ÊåìÃÓ, 2003. ×. 2.
241 c.
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ÓÄÊ 517.968

Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÊÀÍÎÍÈ×ÅÑÊÎÉ ÔÀÊÒÎÐÈÇÀÖÈÈ
ÌÀÒÐÈ×ÍÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÂÈÍÅÐÀ-ÕÎÏÔÀ

ÂÒÎÐÎÃÎ ÐÎÄÀ

ON EXISTENCE OF CANONICAL FACTORIZATION OF WINER-HOPF
MATRIX INTEGRAL OPERATORS OF SECOND KIND

Í.Á. Åíãèáàðÿí

Èíñòèòóò Ìàòåìàòèêè ÍÀÍ ÐÀ
yengib@instmath.sci.am

Ïóñòü K̂ � ìàòðè÷íûé èíòåãðàëüíûé îïåðàòîð Âèíåðà-Õîïôà:

K̂f(x) =

∫ ∞
0

K(x− t)f(t)dt , x ≥ 0 ,

ãäå ìàòðèöà-ôóíêöèÿ
K ∈ Lm×m1 (−∞,∞).

Ðàññìàòðèâàåòñÿ êàíîíè÷åñêàÿ ôàêòîðèçàöèÿ (ÊÔ)

I − K̂ = (I − V̂−)(I − V̂+) ,

ãäå I � åäèíè÷íûé îïåðàòîð, V̂± îïåðàòîðû ñâåðòêè òèïà Âîëüòåððà

V̂+f(x) =

∫ x

0

V+(x− t)f(t)dt

V̂−f(x) =

∫ ∞
x

V−(t− x)f(t)dt

V± ∈ Lm×m1 (0,∞).

òàêèå, ÷òî I − V̂± îáðàòèìû â Lmp (0,∞), 1 ≤ p ≤ ∞.

Äîêàçûâàåòñÿ, ÷òî äëÿ ñóùåñòâîâàíèÿ ÊÔ íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îïå-
ðàòîð I − K̂ è òðàíñïîíèðîâàííûé ê íåìó îïåðàòîð I − K̂T áûëè îáðàòèìû â ïðî-
ñòðàíñòâå Lm1 (0,∞).
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ÓÄÊ 517.968

ÏÐÈÁËÈÆÅÍÍÎÅ ÐÅØÅÍÈÅ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÑÂÅÐÒÊÈ

APPROXIMATE SOLUTION OF CONVOLUTION INTEGRAL EQUATIONS

Í.Á. Åíãèáàðÿí, À. Ã. Áàðñåãÿí

Èíñòèòóò Ìàòåìàòèêè ÍÀÍ ÐÀ
yengib@instmath.sci.am, anibarseghyan@mail.ru

Äîêëàä ïîñâÿùåí îïèñàíèþ íåêîòîðûõ ñïåöèàëüíûõ è îáùèõ ìåòîäîâ ïðèáëè-
æåííîãî ÷èñëåííîãî è àíàëèòè÷åñêîãî ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ ñâåðòêè

f(τ) = g(τ) +

∫ r

0

K(τ − t)f(t)dt, K ∈ L1(−r, r), r ≤ +∞ . (1)

Óðàâíåíèå (1) íà ïîëóïðÿìîé (óðàâíåíèå Âèíåðà-Õîïôà)(à òàêæå � óðàâíåíèå
íà âñåé ïðÿìîé ) â íåîñîáûõ ñëó÷àÿõ äîïóñêàþò çàìêíóòîå àíàëèòè÷åñêîå ðåøå-
íèå ÷åðåç ïðÿìûå è îáðàòíûå ïðåîáðàçîâàíèÿ Ôóðüå (ÏÔ). Îäíàêî ÷èñëåííàÿ ðå-
àëèçàöèÿ ýòèõ ÏÔ ñ ãàðàíòèðîâàííîé òî÷íîñòüþ â áîëåå-ìåíåå îáùèõ ñèòóàöèÿõ
ñîïðÿæåíà ñ íåïðåîäîëèìûìè òðóäíîñòÿìè.

Äîñòàòî÷íî ïîëíî ðàçâèòû ìåòîäû ðåøåíèÿ (1) â ñëó÷àÿõ, êîãäà ñèìâîë óðàâ-
íåíèÿ (1) ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé èëè õîðîøî àïïðîêñèìèðóåòñÿ òàêèìè
ôóíêöèÿìè. Áîëüøîé êðóã òàêèõ çàäà÷, âîçíèêàþùèõ â ìàòåìàòè÷åñêîé ôèçèêå è
â òåîðèè ñëó÷àéíûõ ïðîöåññîâ, ýôôåêòèâíî ðåøàåòñÿ ïóòåì ñî÷åòàíèÿ óðàâíåíèÿ
Àìáàðöóìÿíà è ìåòîäà äèñêðåòíûõ îðäèíàò.

Ìåòîäû ìåõàíè÷åñêèõ êâàäðàòóð îñíîâàíû íà çàìåíå óðàâíåíèÿ (1) êîíå÷íîé
àëãåáðàè÷åñêîé ñèñòåìîé âèäà

γj = g(ζj) +
N−1∑
m=0

amK(ζj − ζm)γm ,

ãäå (ζj) óçëû ïðèìåíÿåìîé êâàäðàòóðû, à (aj) � âåñîâûå ìíîæèòåëè. Òàêàÿ äèñ-
êðåòèçàöèÿ îáû÷íî íàðóøàåò ñâåðòî÷íóþ ñòðóêòóðó óðàâíåíèÿ è (íà íàø âçãëÿä)
îáëàäàåò ðÿäîì äðóãèõ íåãàòèâíûõ îñîáåííîñòåé.

Àâòîðàìè ðàçâèò ìåòîä óñðåäíåíèÿ ÿäðà äëÿ ðåøåíèÿ óðàâíåíèÿ (1). Â ïðî-
ñòðàíñòâå íåïðåðûâíûõ ôóíêöèé óðàâíåíèå (1) çàìåíÿåòñÿ ñëåäóþùåé ëèíåéíîé
àëãåáðàè÷åñêîé ñèñòåìîé ñ òåïëèöåâîé ìàòðèöåé:

γj = g(ζj) +
N−1∑
m=0

aj−mγm , j = 0, · · · , N − 1 , (2)

ãäå am =
(m+ 1

2 )k∫
(m− 1

2 )k

K(x)dx, N =
r

h
(≤ ∞). Ïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå óðàâ-

íåíèÿ (1) âûðàæàåòñÿ ÷åðåç K, g, (γi). Ïîëó÷eíà êîëè÷åñòâåííàÿ îöåíêà áëèçîñòè,
ãàðàíòèðóþùàÿ ñõîäèìîñòü ìåòîäà ïðè h→ 0. Ê óðàâíåíèþ (2) ìîãóò áûòü ïðèìå-
íåíû èçâåñòíûå ìåòîäû ðåøåíèÿ êîíå÷íûõ è áåñêîíå÷íûõ àëãåáðàè÷åñêèõ ñèñòåì ñ
òåïëèöåâûìè ìàòðèöàìè.
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ÓÄÊ 517.442

ÐÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ � ÊÐÀÅÂÛÕ ÇÀÄÀ× Î ÑÎÂÌÅÑÒÍÎÌ ÄÂÈÆÅÍÈÈ
ÁÈÍÀÐÍÎÉ ÑÌÅÑÈ È ÂßÇÊÎÉ ÒÅÏËÎÏÐÎÂÎÄÍÎÉ ÆÈÄÊÎÑÒÈ

SOLUTION OF AN INITIAL �BOUNDARY PROBLEM ON THE MOTION OF THE
BINARY MIXTURE AND THE VISCOUS LIQUID

Ì.Â.Åôèìîâà1

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê
efmavi@icm.krasn.ru

Â äàííîé ðàáîòå èçó÷àåòñÿ èíâàðèàíòíîå ðåøåíèå çàäà÷è î ñîâìåñòíîì äâèæåíèè
áèíàðíîé ñìåñè è âÿçêîé òåïëîïðîâîäíîé æèäêîñòè. Èñòî÷íèêîì äâèæåíèÿ ÿâëÿ-
þòñÿ íåñòàöèîíàðíûå ãðàäèåíòû äàâëåíèÿ è òåðìîêîíöåíòðàöèîííûå ýôôåêòû íà
ïîâåðõíîñòè ðàçäåëà. Àíàëèç äâèæåíèÿ ñâîäèòñÿ ê ðåøåíèþ òðåõ ñîïðÿæåííûõ íà-
÷àëüíî � êðàåâîé çàäà÷å äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé, îïèñûâàþùèõ âîçìóùåíèÿ
ñêîðîñòè, òåìïåðàòóðû è êîíöåíòðàöèè â ñëîÿõ. Íàéäåíî ðåøåíèå ñîîòâåòñòâóþùèõ
çàäà÷, îïèñûâàþùèõ ñòàöèîíàðíîå òå÷åíèå. Ïîêàçàíî, ÷òî åñëè äâèæåíèå â ñèñòå-
ìå âîçíèêàåò ïîä äåéñòâèåì òåðìîêîíöåíòðàöèîííûõ ñèë, òî â ñëîÿõ ðåàëèçóåòñÿ
òå÷åíèå òèïà Êóýòòà. Â ñëó÷àå ñóùåñòâîâàíèÿ êîíå÷íîãî ïðåäåëà ãðàäèåíòà äàâ-
ëåíèÿ ñêîðîñòè âûõîäÿò íà ñòàöèîíàðíûé ðåæèì òèïà òå÷åíèÿ Ïóàçåéëÿ. Åñëè æå
ãðàäèåíò äàâëåíèÿ â îäíîé èç æèäêîñòåé äîñòàòî÷íî áûñòðî ñòðåìèòñÿ ê íóëþ, òî
ïðîèñõîäèò òîðìîæåíèå ñèñòåìû çà ñ÷åò âÿçêîãî òðåíèÿ.

Â ñëó÷àå íåñòàöèîíàðíîãî äâèæåíèÿ ïðîèíòåãðèðîâàòü óðàâíåíèÿ â ÿâíîì âè-
äå íå óäàåòñÿ, äëÿ ðåøåíèÿ ïðèìåíÿåòñÿ ìåòîä Ëàïëàñà [1]. Â ðåçóëüòàòå ïîëó÷åíî
òî÷íîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷ äëÿ îïðåäåëåíèÿ ïîëÿ ñêîðîñòåé, òåìïåðàòóð
è êîíöåíòðàöèè â èçîáðàæåíèÿõ ïî Ëàïëàñó. ×èñëåííîå âîññòàíîâëåíèå ïàðàìåòðîâ
äâèæåíèÿ ïîêàçàëî, ÷òî ôóíêöèè ñêîðîñòè è òåìïåðàòóðû ïðè áîëüøèõ âðåìåíàõ
âûõîäÿò íà ñòàöèîíàðíûé ðåæèì è ñîâïàäàþò ñ ðåøåíèÿìè ñîîòâåòñòâóþùèõ ñòàöè-
îíàðíûõ çàäà÷. Àíàëîãè÷íîå óòâåðæäåíèå äëÿ ðàñïðåäåëåíèÿ êîíöåíòðàöèè â ñëîå
áóäåò ñïðàâåäëèâî òîëüêî â òîì ñëó÷àå, åñëè â íà÷àëüíûé ìîìåíò âðåìåíè áóäåò
îòñóòñòâîâàòü ãðàäèåíò ýòîé âåëè÷èíû â íàïðàâëåíèè äâèæåíèÿ.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò ïðèìåíÿòüñÿ äëÿ îïèñàíèÿ äâóõôàçíûõ ñèñòåì
â ìèíèêàíàëàõ, â ñëàáûõ ñèëîâûõ ïîëÿõ, ïðîöåññîâ îõëàæäåíèÿ ïëåíîê ïîòîêàìè
æèäêîñòè èëè ãàçà.

ËÈÒÅÐÀÒÓÐÀ

1. Ëàâðåíòüåâ Ì.À., Øàáàò Á.Â. Ìåòîäû òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðå-
ìåííîãî. Ì.: Íàóêà, 1973. 736 ñ.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò � 11-01-00283, ïðîåêò � 38, � 116 ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé ÑÎ ÐÀÍ.
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ÓÄÊ 517.55
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Ðàññìàòðèâàþòñÿ êðàòíûå ðÿäû Äèðèõëå

Z(P ; s) = Z(P0, P1, ..., Pm, s1, ..., sm) =
∑

k∈K⊂Zn

P0(k)

P1(k)s1...Pm(k)sm
, (1)

àññîöèèðîâàííûå ñ íàáîðîì ïîëèíîìîâ P0, P1, ..., Pm îò n ïåðåìåííûõ. Â êà÷åñòâå
ìíîæåñòâà ñóììèðîâàíèÿ K åñòåñòâåííî áðàòü ìíîãîãðàííûå êîíóñû; ìû îãðàíè-
÷èìñÿ ñëó÷àåì, êîãäà K = Zn, ëèáî K = Zn+. Â ñëó÷àå n = m = 1 òàêèå ðÿäû
îáîáùàþò êëàññè÷åñêóþ äçåòà-ôóíêöèþ Ðèìàíà. Èõ èçó÷åíèå ïðè n > m = 1 áûëî
ïîëîæåíî Ìåëëèíîì [1]. Âèäèìî, äëÿ ïðîèçâîëüíûõ n,m îíè âïåðâûå âñòðå÷àþòñÿ â
ðàáîòå [2], â êîòîðîé äîêàçàíî ìåðîìîðôíîå ïðîäîëæåíèå â Cm ôóíêöèè Z(P ; s), àñ-
ñîöèèðîâàííîé ñ íàáîðîì ãèïîýëëèïòè÷åñêèõ ïîëèíîìîâ P1, ..., Pm. Íàïîìíèì, ÷òî
ïîëèíîì Q(x) = Q(x1, ..., xn) íàçûâàåòñÿ ãèïîýëëèïòè÷åñêèì, åñëè

Q(α)(x)Q−1(x)→ 0 ïðè |x| → ∞, x ∈ Rn

äëÿ âñåõ ïðîèçâîäíûõ Q(α) ïîðÿäêà |α| > 0 (ñì. [3]).
Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïîâåäåíèå ðÿäà Z(P ; s) â ïðåäïîëîæåíèè, ÷òî

P1, ...,
Pm− êâàçèýëëèïòè÷åñêèå ïîëèíîìû ñ ïîëíûìè ìíîãîãðàííèêàìè Íüþòîíà ∆j =
∆(Pj), íå îáðàùàþùèåñÿ â íóëü íàK. Ïîíÿòèå êâàçèýëëèïòè÷íîñòè ââåäåíî â ñòàòüå
( [4]): ïîëèíîì Q =

∑
α∈A

aαx
α íàçûâàåòñÿ êâàçèýëëèïòè÷åñêèì, åñëè äëÿ âñÿêîãî

íåíóëåâîãî íàïðàâëåíèÿ λ ∈ Rn∗ ñðåçêà Qλ =
∑
α∈∆λ

aαx
α íå îáðàùàåòñÿ â íóëü â

(R \ {0})n. Çäåñü ∆λ = {k ∈ ∆ : 〈λ, k〉 = min
l∈∆
〈λ, l〉}− ãðàíü ìíîãîãðàííèêà Íüþòîíà

∆ = ∆(P ) â íàïðàâëåíèè λ, à Rn∗− ïðîñòðàíñòâî, ñîïðÿæåííîå ê Rn.
Ñîãëàñíî [5], ìíîãîãðàííèê ∆ íàçûâàåòñÿ ïîëíûì, åñëè

β ∈ ∆⇒ {γ ∈ Rn+, γ < β} ⊂ ∆.

Çàïèñü γ < β îçíà÷àåò, ÷òî γ1 < β1, ..., γn < βn.
Äëÿ òàêèõ ïîëèíîìîâ âåðíà ñëåäóþùàÿ òåîðåìà, ãäå I = (1, ..., 1) ∈ Rn, à ∆0

s−
âíóòðåííîñòü ñóììû Ìèíêîâñêîãî

∆s = Re(s1)∆1 + ...+ Re(sm)∆m.
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Òåîðåìà 1. Ðÿä Z(P ; s) ñõîäèòñÿ â îáëàñòè

{s ∈ Cm : I + ∆(P0) ⊂ ∆0
s}

è, ñëåäîâàòåëüíî, ïðåäñòàâëÿåò â íåé ãîëîìîðôíóþ ôóíêöèþ.

Óòâåðæäåíèå Òåîðåìû 1 ìîæíî èíòåðïðåòèðîâàòü êàê ïðîÿâëåíèå èíòåãðàëüíî-
ãî ïðèçíàêà ñõîäèìîñòè êðàòíûõ ðÿäîâ. Ñïåöèôèêà ðÿäà (1) ñîñòîèò â òîì, ÷òî åãî
÷ëåíû ãîëîìîðôíû â îêðåñòíîñòÿõ òî÷åê k ∈ K è ìîãóò áûòü ïðåäñòàâëåíû êàê
âû÷åòû ñ óíèâåðñàëüíûì (íå çàâèñÿùèì îò k) âåñîâûì ÿäðîì. Â ðåçóëüòàòå ðÿä ìà-
æîðèðóåòñÿ èíòåãðàëîì ïî Rn. Ó ýòîãî èíòåãðàëà ïîäûíòåãðàëüíàÿ ôîðìà íå èìååò
ïîëþñîâ íà áåñêîíå÷íûõ äèâèçîðàõ ïîäõîäÿùåé òîðè÷åñêîé êîìïàêòèôèêàöèè Rn
èìåííî ïðè óñëîâèè I + ∆(P0) ⊂ ∆0

s.
Ñâÿçü ìåæäó ââåäåííûìè îáîáùåíèÿìè ïîíÿòèÿ ýëëèïòè÷íîñòè âûðàæàåò ñëå-

äóþùàÿ

Òåîðåìà 2. Êâàçèýëëèïòè÷åñêèé ïîëèíîì, íå îáðàùàþùèéñÿ â íóëü íà Rn è
èìåþùèé ïîëíûé ìíîãîãðàííèê Íüþòîíà, ÿâëÿåòñÿ ãèïîýëëèïòè÷åñêèì.

Åå äîêàçàòåëüñòâî îñíîâàíî íà ïîñòðîåíèè ïîäõîäÿùåé âåùåñòâåííîé òîðè÷åñêîé
êîìïàêòèôèêàöèè X ⊃ Rn. Ïîñëåäíÿÿ òåîðåìà, ñîâìåñòíî ñ ðåçóëüòàòàìè ðàáîòû
[2], ïîçâîëÿåò çàêëþ÷èòü ìåðîìîðôíîå ïðîäîëæåíèå ðàññìàòðèâàåìîãî ðÿäà Z(P ; s)
íà âñå ïðîñòðàíñòâî Cm.
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Ïîíÿòèå ðåãóëÿðèçàòîðà îãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà T : X → X â áàíà-
õîâîì ïðîñòðàíñòâå X èãðàåò âàæíóþ ðîëü â èññëåäîâàíèÿõ ëèíåéíûõ îïåðàòîðíûõ
óðàâíåíèé [1,2]. Â òåðìèíàõ ñóøåñòâîâàíèÿ îäíîñòîðîííèõ ðåãóëÿðèçàòîðîâ óäîáíî
ôîðìóëèðîâàòü óñëîâèÿ í¼òåðîâîñòè, òåîðåìû î ñâîéñòâàõ îáðàçà îïåðàòîðà T è
ñâîéñòâàõ ðàçðåøèìîñòè ëèíåéíûõ óðàâíåíèé, ñîäåðæàùèõ îïåðàòîð T . Â òåîðèè
ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÏÄÎ)êàê èçâåñòåòíî, øèðîêî èñïîëüçóåòñÿ
ïîíÿòèå ïàðàìåòðèêñà ÏÄÎ. Ïàðàìåòðèêñ ÏÄÎ ÿâëÿåòñÿ êàíîíè÷åñêèì ðåãóëÿðè-
çàòîðîì ñïåöèàëüíîãî âèäà, òàê êàê â îïðåäåëåíèè ïàðàìåòðèêñà òðåáóåòñÿ ÷òîáû
ïàðàìåòðèêñ ïðèíàäëåæàë àëãåáðå ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ. Â ðàáîòå
ââîäÿòñÿ â ðàññìîòðåíèå îäíîñòîðîííèå è îäíîñòîðîííèå êàíîíè÷åñêèå ðåãóëÿðè-
çàòîðû íåîãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà â áàíàõîâîì ïðîñòðàíñòâå. Ðàññìîò-
ðåíû íåêîòîðûå ïðèëîæåíèÿ ýòèõ ïîíÿòèé â ñïåêòðàëüíîé òåîðèè íåîãðàíè÷åííûõ
çàìêíóòûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå. ÏóñòüD(T ) � ïëîòíîå âX ëè-
íåéíîå ìíîãîîáðàçèå è T : D(T )→ X � íåîãðàíè÷åííûé çàìêíóòûé ëèíåéíûé îïå-
ðàòîð. Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð R1 : X → X òàêîé, ÷òî Ran(R1) ⊂ D(T ) è
TR1x = A1x, ãäå A1 � îãðàíè÷åííûé ëèíåéíûé îïåðàòîð â X, íàçûâà- åòñÿ ïðàâûì
ðåãóëÿðèçàòîðîì îïåðàòîðà T . Îãðàíè÷åííûé ëèíåéíûé îïåðàòîð R2 : X → X íà-
çûâàåòñÿ ëåâûì ðåãóëÿðèçàòîðîì îïåðàòîðà T , åñëè R2Tx = A2x ïðè x ∈ D(T ), ãäå
A2 � îãðàíè÷åííûé ëèíåéíûé îïåðàòîð â X. Ïóñòü ó îïåðàòîðà T ñóùåñòâóåò ïðà-
âûé ðåãóëÿðèçàòîð R1 òàêîé , ÷òî TR1x = x+K1x, ãäåK1 � êîìïàêòíûé îïåðàòîð â
X. Òîãäà áóäåì ãîâîðèòü, ÷òî R1 � êàíîíè÷åñêèé ïðàâûé ðåãóëÿðèçàòîð îïåðàòîðà
T . Àíàëîãè÷íûì îáðàçîì ââîäèòñÿ ïîíÿòèå êàíîíè÷åñêîãî ëåâîãî ðåãóëÿðèçàòîðà
. Äâóñòîðîííèé ðåãóëÿðèçàòîð áóäåì íàçûâàòü ïðîñòî ðåãóëÿðèçàòîðîì, à äâóñòî-
ðîííèé êàíîíè÷åñêèé ðåãóëÿðèçàòîð � êàíîíè÷åñêèì ðåãóëÿðèçàòîðîì. Â òåîðèè
äèôôåðåíöè- àëüíûõ óðàâíåíèé îñíîâíîé èíòåðåñ ïðåäñòàâëÿþò êàíîíè÷åñêèå ðå-
ãóëÿðèçàòîðû. Îïðåäåëåíèÿ ñïåêòðà, äèñêðåòíîãî ñïåêòðà, êîðíåâûõ âåêòîðîâ ëè-
íåéíîãî îïåðàòîðà èëè àíàëèòè÷åñêîé îïåðàòîð-ôóíêöèè, ôóíêöèé ðàñïðåäåëåíèÿ
ñîáñòâåííûõ (õàðàêòåðèñòè÷åñêèõ) ÷èñåë àíàëèòè÷åñêîé îïåðàòîð-ôóíêöèè, ëåæà-
ùèõ â çàäàííîé îáëàñòè Ω,ñì.â [3]. Ïóñòü ε > 0 è

Ω+ = {λ ∈ C : −ε < argλ < ε},

Ω− = {λ ∈ C : π − ε < argλ < π + ε}.
×åðåç N(r;T ) îáîçíà÷èì ôóíêöèþ ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòî-
ðà T , ëåæàùèõ â îáëàñòè Ω = Ω+ ∪ Ω−. Åñëè K�êîìïàêòíûé ñàìîñîïðÿæ¼ííûé
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îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H, òî ÷åðåç Ñ(r;K) áóäåì îáîçíà÷àòü ÷èñ-
ëî õàðàêòåðèñòè÷åñêèõ ÷èñåë îïåðàòîðà K ( ñ ó÷¼òîì àëãåáðàè÷åñêîé êðàòíîñòè),
ëåæàùèõ íà îòðåçêå [−r, r].

Òåîðåìà 1. Ïóñòü T : D(T ) → H�íåîãðàíè÷åííûé çàìêíóòûé îïåðàòîð â
ãèëü- áåðòîâîì ïîñòðàíñòâå H. Ïóñòü ó îïåðàòîðà T ñóùåñòâóåò ñàìîñîïðÿ-
æåííûé êàíî- íè÷åñêèé ðåãóëÿðèçàòîð R , ïðèíàäëåæàùèé îäíîìó èç èäåàëîâ
Øàòòåíà-ôîí Íåéìàíà Sp (1 6 p < ∞). Òîãäà ñïåêòð îïåðàòîðà T èñêðåòåí,
à ñèñòåìà êîðíåâûõ âåêòîðîâ îïåðàòîðà T ïîëíà â H. Ïðè ýòîì âñå ñîáñòâåííûå
÷èñëà, çà èñêëþ÷åíèåì, áûòü ìîæåò , êîíå÷íîãî ÷èñëà , ëåæàò â îáüåäèíåíèè ñåê-
òîðîâ Ω±. Åñëè ôóíêöèÿ ðàñïðåäåëå- íèÿ õàðàêòåðèñòè÷åñêèõ ÷èñåë êîìïàêòíîãî
îïåðàòîðà R óäîâëåòâîðÿåò óñëîâèþ:

lim
ε→0,r→∞

Ñ((1 + ε)r;R)

Ñ(r;R)
= 1,

òî N(r;T ) ∼ Ñ(r;R) ïðè r →∞.

Òåîðåìó 1 ìîæíî ïðèìåíÿòü, íàïðèìåð, äëÿ âû÷èñëåíèÿ àñèìòîòèêè äèñêðåòíîãî
ñïåêòðà íåïîëóîãðàíè÷åííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ íåãëàäêèìè êîýôôè-
öåíòàìè íà ìíîãîáðàçèè, â íåêîòîðûõ ñëó÷àÿõ, êîãäà èñïîëüçîâàíèå äðóãèõ ìåòîäîâ
(ìåòîäà ïàðàáîëè÷åñêîãî óðàâíåíèÿ, ìåòîäà ïðèáëèæ¼ííîãî ñïåêòðàëüíîãî ïðîåê-
òîðà) çàòðóäíèòåëüíî.
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Let us write arbitrary η = (η1, η2, . . . , ηn) ∈ Cn as η = (η1, η
′), where η′ =

(η2, . . . , ηn) ∈ Cn−1. Let < •, • > be the Hermitian inner product in Cn, i.e.

< ω, η >=
n∑
k=1

ωk · ηk ≡ ω1 · η1+ < ω′, η′ >

for arbitrary ω = (ω1, ω
′) ∈ Cn, η = (η1, η

′) ∈ Cn. Further, put

|η|2 =
n∑
k=1

|ηk|2 ≡ |η1|2 + |η′|2, ∀(η1, η
′) ∈ Cn.

The Siegel domain in the space Cn is de�ned as follows:

Ωn = {(η1, η
′) ∈ Cn : Imη1 > |η′|2}. (1)

It is well-known that Ωn is biholomorphically equivalent to the unit ball Bn ⊂ Cn

(by means of Cayley transforms). Besides, for n = 1 Ωn can be naturally interpreted as
the upper half-plane Π+ ⊂ C.

Assume that u(η) =
∑n

k=1 uk(η)dηk (η ∈ Ωn) is a ∂−closed di�erential form
of type (0, 1) and u ∈ C1(Ωn) ⇔ uk ∈ C1(Ωn)(1 ≤ k ≤ n). In other words,
u(η) = (u1(η), u2(η), . . . , un(η)) is a C1−vector-function in Ωn such that ∂uk(η)/∂ηj ≡
∂uj(η)/∂ηk(1 ≤ k, j ≤ n), η ∈ Ωn.

For a complex number β with Reβ > −1 consider the following integral operator:

Tn,β(u)(ω) = −2n+β · cn,β ·
∫

Ωn

< u(η), η − ω > (Imη1 − |η′|2)β+1

[i(η1 − ω1)− 2 < ω′, η′ >]β+1
×

×
n−1∑
p=0

Cp
n−1

(−4)p

p+ 1 + β

(
(Imω1 − |ω′|2)(Imη1 − |η′|2)
|i(η1 − ω1)− 2 < ω′, η′ >|2

)p
×
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× [(i(ω1 − η1)− 2 < η′, ω′ >]n−1(
|i(η1 − ω1)− 2 < ω′, η′ >|2 − 4(Imω1 − |ω′|2)(Imη1 − |η′|2)

)ndm(η),

ω ∈ Ωn, (2)

where

cn(β) =
1

πn
· Γ(n+ 1 + β)

Γ(1 + β)
.

The following assertion is true:

Theorem. Assume that α > −1
2 , Reβ ≥ 2α. If u is a ∂−closed C1−di�erential

form of type (0, 1) satisfying the condition

||u||α,n ≡
∫

Ωn

|u(η)| · (Imη1 − |η′|2)α

|η1 + i|n
dm(η) < +∞, (3)

where

|u(η)| ≡

(
n∑
k=1

|uk(η)|2
)1/2

, η ∈ Ωn,

then the function fβ(ω) ≡ Tn,β(u)(ω) is a solution of the following ∂−equation:

(∂fβ)(ω) = u(ω), ω ∈ Ωn ⇔ ∂fβ
∂ωk

(ω) = uk(ω)(1 ≤ k ≤ n), ω ∈ Ωn. (4)

Moreover, we have: ∫
Ωn

|f(ω)| · (Imω1 − |ω′|2)Reβ−α−1/2

|η1 + i|Reβ−2α+n
dm(η) ≡

≡ ||f ||Reβ−α−1/2,Reβ−2α+n ≤ const(α, β, n) · ||u||α,n. (5)

In particular (taking β = 2α), we have:

∂f2α = u and ||f ||α−1/2,n ≤ const(α, n) · ||u||α,n. (6)



26 IV ðîññèéñêî-àðìÿíñêîå ñîâåùàíèå: òåçèñû êîíôåðåíöèè

ÓÄÊ 517.538.3
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LEADING COEFFICIENTS ASYMPTOTICS FOR ORTHONORMAL
POLYNOMIALS WITH RESPECT TO VARYING WEIGHT.

À.Â.Êîìëîâ1, Ñ.Ï.Ñóåòèí1

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ, Ìîñêâà
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Ïóñòü Q(x) = x2m+ · · · � ïîëèíîì ÷åòíîé ñòåïåíè 2m ñ âåùåñòâåííûìè êîýôôè-
öèåíòàìè è åäèíè÷íûì ñòàðøèì êîýôôèöèåíòîì; â äàëüíåéøåì ïîëèíîì Q áóäåò
èãðàòü ðîëü ¾âíåøíåãî ïîëÿ¿ (òî÷íåå, ïîòåíöèàëà âíåøíåãî ïîëÿ) â ñòàíäàðòíîé
òåîðåòèêî-ïîòåíöèàëüíîé çàäà÷å ðàâíîâåñèÿ.

Â êëàññå M1(R) åäèíè÷íûõ (ïîëîæèòåëüíûõ áîðåëåâñêèõ) ìåð µ ñ íîñè-
òåëÿìè Suppµ íà âåùåñòâåííîé ïðÿìîé R ðàññìîòðèì ñëåäóþùóþ òåîðåòèêî-
ïîòåíöèàëüíóþ çàäà÷ó ðàâíîâåñèÿ äëÿ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà

V µ(x) = −
∫

log |x− t| dµ(t)

ñ âíåøíèì ïîëåì Q(x) (ñì. [1]): íàéòè ìåðó λ ∈M1(R) òàêóþ, ÷òî

V λ(x) +Q(x)
≡ wQ, x ∈ S, S = Suppλ,

≥ wQ, x ∈ R \ S. (1)

Ñóùåñòâóåò åäèíñòâåííàÿ ìåðà λ = λQ ∈ M1(R), óäîâëåòâîðÿþùàÿ ñîîòíîøå-
íèþ (1), λ íàçûâàåòñÿ ðàâíîâåñíîé ìåðîé, wQ � ïîñòîÿííàÿ ðàâíîâåñèÿ.

Èçâåñòíî (ñì. [2]), ÷òî äëÿ ïîëèíîìèàëüíîãî ïîòåíöèàëà Q(x) íîñèòåëü S ðàâ-
íîâåñíîé ìåðû ñîñòîèò èç íåñêîëüêèõ (íåïåðåñåêàþùèõñÿ) îòðåçêîâ, S =

⊔p
j=1 Sj,

Sj = [s2j−1, s2j]. Ïóñòü E =
⊔p
j=1Ej, ãäå Ej = [e2j−1, e2j] ⊂ intSj, j = 1, . . . , p (intSj

� âíóòðåííîñòü îòðåçêà Sj), λ = λQ,E ∈ M1(E) � (åäèíñòâåííàÿ) ðàâíîâåñíàÿ âî
âíåøíåì ïîëå Q ìåðà ñ íîñèòåëåì íà E ⊂ intS:

V λ(x) +Q(x) = wQ,E, x ∈ E. (2)

Ïîä÷åðêíåì, ÷òî â (2) â îòëè÷èå îò (1) ðàññìàòðèâàþòñÿ åäèíè÷íûå ìåðû ñ íîñèòå-
ëÿìè íà E. Çàäà÷à ðàâíîâåñèÿ (2) ñîîòâåòñòâóåò ïðåäåëüíîìó ñëó÷àþ âíåøíåãî ïîëÿ
Q · (1/χE), ãäå χE � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà E. Õîðîøî èçâåñòíî,
÷òî â ýòîì ñëó÷àå ðàâíîâåñíàÿ ìåðà èìååò ñëåäóþùèé âèä

dλ(x) =
h(x)

H
1/2
+ (x)

dx, x ∈ E, (3)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 11-01-00330-à è Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âå-
äóùèõ íàó÷íûõ øêîë (ÍØ-4664.2012.1).
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ãäå ôóíêöèÿ h ãîëîìîðôíà è îòëè÷íà îò íóëÿ íà E,

H(z) = H2p(z) :=

2p∏
j=1

(z − ej),

è âûáðàíà òàêàÿ âåòâü êîðíÿ, ÷òîH1/2(z) ∼ zp ïðè z →∞; ïîäH
1/2
+ (x) â (3) è âñþäó

â äàëüíåéøåì ïîíèìàþòñÿ ïðåäåëüíûå çíà÷åíèÿ ôóíêöèè H1/2(z) ïðè z → x ∈ S
èç âåðõíåé ïîëóïëîñêîñòè. Îáîçíà÷èì ôóíêöèþ H1/2(z) ÷åðåç ôóíêöèþ W (z).

Ïóñòü íà E çàäàí âåñ

σn(x) =
iρn(x)

2πW+(x)
> 0, x ∈ E, ρn(x) := pg(x)e−2nQ(x), (4)

ãäå pg(x) = xg + · · · � ôèêñèðîâàííûé ïîëèíîì ñòåïåíè g = p − 1, ó êîòîðîãî
â êàæäîé ëàêóíå (òî åñòü íà èíòåðâàëå (e2j, e2j+1), j = 1, . . . , g) ëåæèò ðîâíî ïî
îäíîìó íóëþ (òåì ñàìûì, â êàæäîé ëàêóíå ýòîò ïîëèíîì ìåíÿåò çíàê â òî÷íîñòè
îäèí ðàç; íàëè÷èå ýòîãî ïîëèíîìà íîñèò âñïîìîãàòåëüíûé õàðàêòåð è êîìïåíñèðóåò
ïåðåìåíó çíàêà ó ôóíêöèè W+(x)/i ïðè ïåðåõîäå ñ îòðåçêà Ej íà îòðåçîê Ej−1).

Ïóñòü qn(x;N) = αn(N)xn + · · · , αn(N) > 0, � ïîëèíîìû, îðòîíîðìèðîâàííûå
íà E îòíîñèòåëüíî âåñà σN(x):∫

E

qn(x;N)qm(x;N)σN(x) dx = δn,m. (5)

Îñíîâíàÿ öåëü äàííîé ðàáîòû � èçó÷èòü àñèìïòîòèêó αn(n), òî åñòü ïðè N = n.
Ñëó÷àé îäíîãî îòðåçêà E = [−1, 1] èçó÷åí â ðàáîòå [3, òåîðåìà 2]; íàøà ðàáîòà
îáîáùàåò ýòîò ðåçóëüò íà ñëó÷àé ïðîèçâîëüíîãî ÷èñëà îòðåçêîâ p ≥ 2.

×åðåç R îáîçíà÷èì ãèïåðýëëèïòè÷åñêóþ ðèìàíîâó ïîâåðõíîñòü ðîäà g = p− 1,
çàäàííóþ óðàâíåíèåì W 2 =

∏2p
j=1(z − ej). Ïóñòü g(z,∞) � ãàðìîíè÷åñêîå ïðî-

äîëæåíèå ôóíêöèè Ãðèíà g(z,∞) îáëàñòè C\S ñ îñîáåííîñòüþ â áåñêîíå÷íîñòè íà
ðèìàíîâó ïîâåðõíîñòü R.

Òåîðåìà 1. Äëÿ ñòàðøåãî êîýôôèöèåíòà αn(n) ïîëèíîìà qn(x;n), îðòîíîð-
ìèðîâàííîãî îòíîñèòåëüíî âåñà σn(x), èìååò ìåñòî ñëåäóþùàÿ ôîðìóëà ñèëüíîé
àñèìïòîòèêè:

αn(n) = const ·enwQ · exp

{
−1

2

g∑
j=1

g(zj(n),∞)

}(
1 + o(1)

)
, n→∞, (6)

ãäå o(1) = O(δn), δ ∈ (0, 1), const = const(E, pg) çàâèñèò òîëüêî îò ìíîæåñòâà E
è âñïîìîãàòåëüíîãî ïîëèíîìà pg. Òî÷êè zj(n) = (zj(n),±) íà ðèìàíîâîé ïîâåðõíî-
ñòè R òàêîâû, ÷òî zj(n) ∈ [e2j, e2j+1], j = 1, . . . , g, è îäíîçíà÷íî îïðåäåëÿþòñÿ èç
ðåøåíèÿ çàäà÷è îáðàùåíèÿ ßêîáè:
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g∑
j=1

Ωk(zj) ≡ −
g∑
j=1

{nλ(Ej)}Bkj + ck, k = 1, . . . , g; (7)

çäåñü { · } îçíà÷àåò äðîáíóþ ÷àñòü ñîîòâåòñòâóþùåãî ÷èñëà, ck � íåêîòîðûå ïî-
ñòîÿííûå (íå çàâèñÿùèå îò n), ≡ îçíà÷àåò ñðàâíåíèå ïî ìîäóëþ ïåðèîäîâ áàçèñ-
íûõ àáåëåâûõ äèôôåðåíöèàëîâ dΩk äëÿ R, Ωk � ñîîòâåòñòâóþùèå àáåëåâû èíòå-
ãðàëû, ‖Bkj‖ � ìàòðèöà Ðèìàíà äëÿ R.

Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ñëåäóþùåì ðåçóëüòàòå. Îêàçûâàåòñÿ, ÷òî
ðàâíîìåðíî íà êîìïàêòíûõ ïîäìíîæåñòâàõ K îáëàñòè D = C \ E àñèìïòîòèêà îð-
òîíîðìèðîâàííûõ ïîëèíîìîâ qn(z;n) ïîëíîñòüþ îïèñûâàåòñÿ â òåðìèíàõ òàê íàçû-
âàåìîé ïñè-ôóíêöèè Íàòòîëëà. Ïñè-ôóíêöèÿ Íàòòîëëà Ψn(z; ρ) � ýòî ôóíêöèÿ,
çàäàííàÿ íà ðèìàíîâîé ïîâåðõíîñòè R è ÿâëÿþùàÿñÿ íîðìèðîâàííûì ðåøåíèåì
ñëåäóþùåé êðàåâîé çàäà÷è Ðèìàíà (ñì. [4], [5]).

Îáîçíà÷èì ÷åðåç Lj çàìêíóòûå öèêëû íà R òàêèå, ÷òî projLj = Ej (proj(·) �
êàíîíè÷åñêàÿ ïðîåêöèÿR íà C). Ïóñòü L = L1t· · ·tLp, òîãäà ðèìàíîâà ïîâåðõíîñòü
R \ L ðàñïàäàåòñÿ íà äâà ëèñòà D(1) è D(2) (òàêèõ, ÷òî proj(D(l)) = D), òî åñòü
R = D(1) t L tD(2).

Çàäà÷à 1 Ïðè ôèêñèðîâàííîì n ∈ N, n ≥ g, íàéòè ôóíêöèþ Ψn(z) = Ψn(z; ρ)
òàêóþ, ÷òî:

1◦. Ψn (êóñî÷íî) ìåðîìîðôíà íà R \ L = D(1) tD(2);

2◦. äèâèçîð (Ψn) = (n− g)∞(2) + z1 + · · ·+ zg − n∞(1);

3◦. íà L âûïîëíåíî êðàåâîå óñëîâèå: ρ(x)Ψ
(1)
n (x) = Ψ

(2)
n (x), x ∈ L.

Â ï.3◦ ïîä Ψ
(1)
n (x) ïîíèìàþòñÿ íåêàñàòåëüíûå ïðåäåëüíûå çíà÷åíèÿ ôóíêöèè

Ψn(z) ïðè D(1) 3 z→ x ∈ L, àíàëîãè÷íûé ñìûñë ïðèäàåòñÿ è Ψ
(2)
n (x). Íîðìèðîâêà

ïñè-ôóíêöèè âûáèðàåòñÿ òàê, ÷òî Ψn(z
(1))Ψn(z

(2)) ≡
g∏
j=1

(z − zj) è ñòàðøèé (ò.å. ïðè

ñòåïåíè zn) êîýôôèöèåíò ôóíêöèè Ψn(z
(1)) ïîëîæèòåëåí.

Òåîðåìà 2. Ïóñòü Ψn(z) = Ψn(z; ρn) � íîðìèðîâàííîå ðåøåíèå êðàåâîé çàäà-
÷è 1 äëÿ n ≥ g, qn(z;n) � ïîëèíîì ñòåïåíè n ñ ïîëîæèòåëüíûì ñòàðøèì êîýô-
ôèöèåíòîì, îðòîíîðìèðîâàííûé îòíîñèòåëüíî ïåðåìåííîãî âåñà

σn(x) =
iρn(x)

2πW+(x)
> 0, x ∈ E, ρn(x) = pg(x)e−2nQ(x). (8)

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà ñèëüíîé àñèìïòîòèêè:

qn(z;n) = Ψn(z
(1))
(
1 + o(1)

)
, n→∞. (9)
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Â òåîðåìå 2 àñèìïòîòè÷åñêàÿ ôîðìóëà (9) âûïîëíÿåòñÿ ðàâíîìåðíî íà ëþáîì
êîìïàêòå K â C, ëåæàùåì âíå âûïóêëîé îáîëî÷êè conv(E) êîìïàêòà E, ñ o(1) =
O(δn), ãäå δ = δ(K) ∈ (0, 1). Ïîä Ψn(z

(1)) ïîíèìàþòñÿ çíà÷åíèÿ ïñè-ôóíêöèè íà
ïåðâîì ëèñòå ïîâåðõíîñòè R.
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Îäíîé èç êëàññè÷åñêèõ çàäà÷, ïðèâîäÿùèõ ê ïîíÿòèþ àíàëèòè÷åñêîé ñëîæíîñòè
ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ, ÿâëÿåòñÿ 13-ÿ ïðîáëåìà Ãèëüáåðòà. Â åå îðèãè-
íàëüíîé ôîðìóëèðîâêå ñòàâèòñÿ âîïðîñ î âîçìîæíîñòè ïðåäñòàâëåíèÿ ðåøåíèé ïðè-
âåäåííîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ 7-é ñòåïåíè â âèäå êîìïîçèöèè íåïðåðûâíûõ
ôóíêöèé äâóõ ïåðåìåííûõ. Ðåøåíèå äàííîé ïðîáëåìû äàåòñÿ òåîðåìîé Êîëìîãî-
ðîâà-Àðíîëüäà, ñîãëàñíî êîòîðîé ëþáàÿ íåïðåðûâíàÿ ôóíêöèÿ ïðîèçâîëüíîãî (êî-
íå÷íîãî) ÷èñëà ïåðåìåííûõ, çàäàííàÿ íà êîìïàêòíîì ïîäìíîæåñòâå âåùåñòâåííîãî
ïðîñòðàíñòâà, ìîæåò áûòü ïðåäñòàâëåíà â âèäå êîìïîçèöèè íåïðåðûâíûõ ôóíêöèé
îäíîãî ïåðåìåííîãî è âñåãî ëèøü îäíîé ôóíêöèè äâóõ ïåðåìåííûõ, â êà÷åñòâå êî-
òîðîé ìîæíî âçÿòü, íàïðèìåð, ôóíêöèþ f(x, y) = x+ y. Äàííîå ïðåäñòàâëåíèå âîç-
ìîæíî áëàãîäàðÿ øèðîòå êëàññà âñåõ íåïðåðûâíûõ ôóíêöèé îäíîãî ïåðåìåííîãî. Â
òî æå âðåìÿ ðåøåíèå èñõîäíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ ÿâëÿåòñÿ ìíîãîçíà÷íîé
àíàëèòè÷åñêîé ôóíêöèåé íåñêîëüêèõ êîìïëåêñíûõ ïåðåìåííûõ è ïîòîìó âñòàåò âî-
ïðîñ î íàõîæäåíèè àíàëîãè÷íîãî ïðåäñòàâëåíèÿ â êëàññå àíàëèòè÷åñêèõ ôóíêöèé
äâóõ ïåðåìåííûõ [1]. Äàííûé âîïðîñ åñòåñòâåííûì îáðàçîì ïðèâîäèò ê ïîíÿòèþ
êëàññîâ ñëîæíîñòè àíàëèòè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ è çàäà÷å íàõîæäåíèÿ
äèôôåðåíöèàëüíûõ êðèòåðèåâ ïðèíàäëåæíîñòè ôóíêöèé ýòèì êëàññàì [2].

Â ñîîòâåòñòâèè ñ èíäóêòèâíûì îïðåäåëåíèåì, ïðåäëîæåííûì Â.Ê.Áåëîøàïêîé
â [2], ðîñòîê àíàëèòè÷åñêîé ôóíêöèè äâóõ ïåðåìåííûõ z = z(x, y) ëåæèò âî âòî-
ðîì êëàññå àíàëèòè÷åñêîé ñëîæíîñòè, åñëè îí äîïóñêàåò ëîêàëüíîå ïðåäñòàâëåíèå
â âèäå z = h(f(x, y) + g(x, y)), ãäå ôóíêöèè äâóõ ïåðåìåííûõ f è g ëåæàò â ïåðâîì
êëàññå àíàëèòè÷åñêîé ñëîæíîñòè, h � àíàëèòè÷åñêàÿ ôóíêöèÿ îäíîãî ïåðåìåííîãî.
Äðóãèìè ñëîâàìè, z(x, y) ∈ Cl2 â òîì è òîëüêî òîì ñëó÷àå, êîãäà îíà äîïóñêàåò
ëîêàëüíîå ïðåäñòàâëåíèå â âèäå

z = h(c1(a1(x) + b1(y)) + c2(a2(x) + b2(y))) (1)

äëÿ íåêîòîðûõ àíàëèòè÷åñêèõ ôóíêöèé îäíîãî ïåðåìåííîãî h è ak, bk, ck, k =
1, 2. Â ðàáîòå ôîðìóëèðóåòñÿ íåîáõîäèìîå óñëîâèå ïðèíàäëåæíîñòè àíàëèòè÷åñêîé
ôóíêöèè äâóõ ïåðåìåííûõ âòîðîìó êëàññó àíàëèòè÷åñêîé ñëîæíîñòè.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå àíàëèòè÷åñêîé âåäîìñòâåííîé öåëåâîé ïðîãðàììû �Ðàçâèòèå íàó÷íîãî ïî-
òåíöèàëà âûñøåé øêîëû� (2009 - 2011 ãîäû) � ïðîåêò �2.1.1/14245.
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Ìû ìîæåì áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàòü, ÷òî â äîñòàòî÷íî ìàëîé îêðåñòíî-
ñòè òî÷êè îáùåãî ïîëîæåíèÿ äëÿ ôóíêöèé â ïðàâîé ÷àñòè (1) ñóùåñòâóþò îáðàòíûå
ê íèì, òàêæå ÿâëÿþùèåñÿ àíàëèòè÷åñêèìè. Âûïîëíÿÿ çàìåíó ïåðåìåííûõ ξ = a2(x),
η = b2(y) è ζ = h−1(z), îáîçíà÷àÿ p(ξ) = a1(a

−1
2 (ξ)), q(η) = b1(b

−1
2 (η)), r(t) = c1(t) è

çàìåíÿÿ c2(t) íà s(t), ìû ïðèõîäèì ê ñîîòíîøåíèþ

ζ = ζ(ξ, η) = r(p(ξ) + q(η)) + s(ξ + η). (2)

Ìíîæåñòâî ôóíêöèé, äîïóñêàþùèõ ïðåäñòàâëåíèå (2), ñóùåñòâåííî �óæå âòîðîãî
êëàññà àíàëèòè÷åñêîé ñëîæíîñòè, íî òåñíî ñâÿçàíî ñ íèì ÷åðåç ïðèâåäåííûå âû-
øå çàìåíû ïåðåìåííûõ. Ìû áóäåì îáîçíà÷àòü åãî ÷åðåç Cl 3

2
.

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Äëÿ àíàëèòè÷åñêîé ôóíêöèè äâóõ ïåðåìåííûõ F (x, y) îïðåäåëèì
äèôôåðåíöèàëüíûå ìíîãî÷ëåíû

C1(F (x, y)) = F 2
xFxyyFy − FxFxxyF 2

y + FxxFxyF
2
y − F 2

xFxyFyy,

C2(F (x, y)) = −F 2
xFxyy + 2FxFxxyFy − 2FxxFxyFy−

−2FxFxyyFy + FxxyF
2
y + 2FxFxyFyy,

C3(F (x, y)) = F 2
xFxy − FxxF 2

y − FxyF 2
y + F 2

xFyy,

C4(F (x, y)) = −F 2
xFy + FxF

2
y ,

C5(F (x, y)) = −FxFxxy + FxxFxy + 2FxFxyy − 2FxxyFy + FxyyFy − FxyFyy,

C6(F (x, y)) = −FxFxy + FxxFy + FxyFy − FxFyy,

C7(F (x, y)) = F 2
x − F 2

y ,

C8(F (x, y)) = Fxxy − Fxyy,

C9(F (x, y)) = −Fxx + Fyy,

C10(F (x, y)) = −Fx + Fy.

Îïðåäåëèì òàêæå îòîáðàæåíèå

D : (f(x, y), g(x, y)) 7→ fxg − fgx + fgy − fyg,

äåéñòâóþùåå íà ïàðå ðîñòêîâ àíàëèòè÷åñêèõ ôóíêöèé ñ îáùåé îáëàñòüþ îïðåäå-
ëåíèÿ, è ïîëîæèì A1k(F ) := Ck(F ), k = 1, . . . , 10, Aj+1,k(F ) := D(Ajk(F ), Ajj(F )),
j = 1, . . . , 9, k ≥ j + 1. Åñëè F (x, y) ∈ Cl 3

2
, òî A10,10(F (x, y)) = 0.

ËÈÒÅÐÀÒÓÐÀ

1. À. Ã. Âèòóøêèí 13-ÿ ïðîáëåìà Ãèëüáåðòà è ñìåæíûå âîïðîñû // ÓÌÍ. 2004.
�59:1(355). C. 11-24.
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RESIDUE THEOREMS FOR PRYM DIFFERENTIALS OF ANY ORDER ON TORUS

Ò.Ñ.Êðåïèöèíà

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî
kcfabira@gmail.com

Òåîðåìà î ïîëíîé ñóììå âû÷åòîâ äëÿ àáåëåâà 1-äèôôåðåíöèàëà íà êîìïàêò-
íîé ðèìàíîâîé ïîâåðõíîñòè èãðàåò áîëüøóþ ðîëü â òåîðèè ôóíêöèé. Âû÷åòû äëÿ
äèôôåðåíöèàëîâ Ïðèìà ìîæíî îïðåäåëÿòü òîëüêî äëÿ âåòâåé òàêèõ ìíîãîçíà÷íûõ
äèôôåðåíöèàëîâ. Â äàííîé ðàáîòå âïåðâûå áóäóò äîêàçàíû òåîðåìû î ïîëíîé ñóììå
âû÷åòîâ äëÿ äèôôåðåíöèàëîâ Ïðèìà ëþáîãî ïîðÿäêà íà ïåðåìåííîì òîðå ñ ëþáûìè
ïåðåìåííûìè õàðàêòåðàìè.

Ïóñòü F0 � êîìïàêòíàÿ ðèìàíîâà ïîâåðõíîñòü ðîäà g = 1, F0 = C/Γ, ãäå Γ �
ãðóïïà ñ äâóìÿ îáðàçóþùèìè

A1(z) = z + ω, B1(z) = z + ω
′
, Im

ω
′

ω
> 0.

Ïîëîæèì µ0 = ω
′

ω . Ôóíäàìåíòàëüíàÿ ãðóïïà äëÿ ïîâåðõíîñòè F0 èìååò àëãåáðà-
è÷åñêîå ïðåäñòàâëåíèå:

π1(F0) ∼= Γ =< a1, b1 : a1b1 = b1a1 > .

Êëàññ [F0, {a1, b1}] êîíôîðìíî ýêâèâàëåíòíûõ îòìå÷åííûõ êîìïàêòíûõ ðèìàíîâûõ
ïîâåðõíîñòåé ðîäà 1 åäèíñòâåííî îïðåäåëÿåòñÿ îäíèì êîìïëåêñíûì ïàðàìåòðîì (ìî-

äóëåì) µ0 = ω
′

ω , ëåæàùèì â âåðõíåé ïîëóïëîñêîñòè

H = {z ∈ C : Imz > 0}.

Ïðè ýòîì F0 = C/Γ0, ãäå Γ0 � ãðóïïà ñ äâóìÿ îáðàçóþùèìè A01(z) = z + 1,
B01(z) = z + µ0.

Ëþáîé äðóãîé êëàññ
[Fµ, {a1(µ), b1(µ)}]

êîíôîðìíî ýêâèâàëåíòíûõ îòìå÷åííûõ êîìïàêòíûõ ðèìàíîâûõ ïîâåðõíîñòåé ðîäà
1 òàêæå åäèíñòâåííî îïðåäåëÿåòñÿ îäíèì êîìïëåêñíûì ïàðàìåòðîì (ìîäóëåì) µ ∈
H è Fµ = C/Γµ, ãäå Γµ ïîðîæäàåòñÿ äâóìÿ îáðàçóþùèìè

Aµ1(z) = z + 1, Bµ1(z) = z + µ.

Ïðîñòðàíñòâî Òåéõìþëëåðà T1 = T1(F0), ñîñòîÿùåå èç êëàññîâ

[Fµ, {a1(µ), b1(µ)}]

êîíôîðìíî ýêâèâàëåíòíûõ îòìå÷åííûõ êîìïàêòíûõ ðèìàíîâûõ ïîâåðõíîñòåé ðîäà
1, ïàðàìåòðèçîâàíî òî÷êàìè H è ÿâëÿåòñÿ 1-ìåðíûì êîìïëåêñíî àíàëèòè÷åñêèì
ìíîãîîáðàçèåì.
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Òåîðåìà 1. (î ïîëíîé ñóììå âû÷åòîâ äëÿ 1−äèôôåðåíöèàëà Ïðèìà). Äëÿ
ëþáîãî 1-äèôôåðåíöèàëà Ïðèìà ω ñ ëþáûìè õàðàêòåðîì ρ è ïîëÿðíûì äèâèçî-
ðîì (ω)∞ = P α1

1 ...P αm
m , αj > 0, j = 1, ...,m, ñ ïîïàðíî ðàçëè÷íûìè òî÷êàìè

P1, ..., Pm,m ≥ 2, íà ïåðåìåííîì òîðå Fµ âåðíî ðàâåíñòâî

m∑
j=1

resPjωf = 0,

ãäå 1) åñëè ρ - íåñóùåñòâåííûé õàðàêòåð, òî f - ìóëüòèïëèêàòèâíàÿ åäèíèöà
äëÿ ρ−1;

2) åñëè ρ � ñóùåñòâåííûé õàðàêòåð, òî f - åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî
óìíîæåíèÿ íà íåíóëåâóþ êîíñòàíòó, ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ äëÿ ρ−1 ñ
åäèíñòâåííûì ïðîñòûì ïîëþñîì P1 íà Fµ.

Òåîðåìà 2. (î ïîëíîé ñóììå âû÷åòîâ äëÿ (ρ, q)−äèôôåðåíöèàëà). Äëÿ ëþáîãî
(ρ, q)−äèôôåðåíöèàëà τ ñ ëþáûìè õàðàêòåðîì ρ è ïîëÿðíûì äèâèçîðîì (τ)∞ =
Qα1

1 ...Q
αs
s ñ ïîïàðíî ðàçëè÷íûìè òî÷êàìè Q1, ..., Qs, s ≥ 2, è ëþáîãî öåëîãî ÷èñëà

q 6= 0, 1 íà ïåðåìåííîì òîðå Fµ âåðíî ðàâåíñòâî

s∑
j=1

resQj
τf

dzq−1
= 0,

ãäå 1) åñëè ρ - ñóùåñòâåííûé õàðàêòåð, òî f - åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî
óìíîæåíèÿ íà íåíóëåâóþ êîíñòàíòó, ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ äëÿ ρ−1 ñ
åäèíñòâåííûì ïðîñòûì ïîëþñîì â Q1 íà Fµ;

2) åñëè ρ - íåñóùåñòâåííûé õàðàêòåð, òî f - ìóëüòèïëèêàòèâíàÿ åäèíèöà äëÿ
ρ−1 íà Fµ.

Èç ýòèõ òåîðåì, êàê ñëåäñòâèå, ïîëó÷àþòñÿ çàêîíû âçàèìíîñòè äëÿ ôóíêöèé è
äèôôåðåíöèàëîâ Ïðèìà, íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ äèô-
ôåðåíöèàëà Ïðèìà ëþáîãî ïîðÿäêà ñ çàäàííûìè ïðîñòûìè ïîëþñàìè è âû÷åòàìè â
íèõ äëÿ âåòâè ýòîãî äèôôåðåíöèàëà, à òàêæå òåîðåìû î ðàçëîæåíèè ïðîèçâîëüíî-
ãî ìåðîìîðôíîãî äèôôåðåíöèàëà Ïðèìà â ñóììó ýëåìåíòàðíûõ è àíàëîã ôîðìóëû
ðàçëîæåíèÿ Ï.Àïïåëÿ äëÿ ìóëüòèïëèêàòèâíûõ ôóíêöèé â ñóììó ýëåìåíòàðíûõ èí-
òåãðàëîâ Ïðèìà ñ ëþáûì õàðàêòåðîì íà ïåðåìåííîì òîðå.

ËÈÒÅÐÀÒÓÐÀ

1. ×óåøåâ Â. Â. Ìóëüòèïëèêàòèâíûå ôóíêöèè è äèôôåðåíöèàëû Ïðèìà íà ïå-
ðåìåííîé êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè. Êåìåðîâî:ÊåìÃÓ, 2003. ×. 2.
241 c.
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IDENTITIES WITH POLYNOMIAL COEFFICIENTS AND INTEGRAL
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Â.Ï.Êðèâîêîëåñêî1 Å.Ê.Ëåéíàðòàñ2

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
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Â ðàáîòå [2] (Â.Ï. Êðèâîêîëåñêî, À.Ê. Öèõ, 2005 ) äîêàçàíî èíòåãðàëüíîå ïðåä-
ñòàâëåíèå ôóíêöèé, ãîëîìîðôíûõ â îãðàíè÷åííûõ êóñî÷íî ðåãóëÿðíûõ ëèíåéíî âû-
ïóêëûõ ïîëèýäðàõ G = { z ∈ Cn : gl(z, z) < 0, l = 1, . . . , N}.

Âñÿêàÿ ôóíêöèÿ f(z), ãîëîìîðôíàÿ â îáëàñòè G è íåïðåðûâíàÿ íà G, ïðåäñòà-
âèìà â G âèäå:

f(z) =
n∑
k=1

(−1)k−1
∑
]J=k

′ ∑
|I|=n−k

I!

(2πi)n

∫
SJ

f(ζ)LI(g
j1, . . . , gjk)

k∏
t=1
〈∇gjt, ζ − z〉it+1

· ωJ , (1)

ãäå
∑
]J=k

′
îçíà÷àåò ñóììèðîâàíèå ïî óïîðÿäî÷åííûì ìóëüòèèíäåêñàì J äëèíû k :

1 6 j1 < . . . < jk 6 N ;
∑

|I|=n−k
− ñóììèðîâàíèå ïî ìóëüòèèíäåêñàì I = (i1, . . . , ik)

ñî ñâîéñòâîì |I| := i1 + . . .+ ik = n−k;LI � ñìåøàííûé ëåâèàí ïîðÿäêà I è ââåäåíî
îáîçíà÷åíèå I! = i1! · . . . · ik!.

Â äàííîì ïðåäñòàâëåíèè ôóíêöèÿ âûðàæàåòñÿ ÷åðåç ñóììó èíòåãðàëîâ ïî ãðà-
íÿì SJ ðàçëè÷íûõ ðàçìåðíîñòåé ïîëèýäðà G ñ ÿäðàìè, ïîñòðîåííûìè ñ ïîìîùüþ
êðàòíîé ãåîìåòðè÷åñêîé ïðîãðåññèè. Èõ ðàçëîæåíèå â ðÿäû è ïîñëåäóþùåå ïî÷ëåí-
íîå èíòåãðèðîâàíèå è ïðèâîäèò ê òîæäåñòâàì ñ áèíîìèàëüíûìè êîýôôèöèåíòàìè.

Ïðèìåíÿÿ ôîðìóëó (1)äëÿ êîíêðåòíûõ îáëàñòåé â [3] (Â.Ï. Êðèâîêîëåñêî, 2009)
áûëà ïîëó÷åíà ñåðèÿ êîìáèíàòîðíûõ òîæäåñòâ ñ áèíîìèàëüíûìè êîýôôèöèåíòàìè,
îäíî èç êîòîðûõ îêàçàëîñü îñîáåííî èíòåðåñíûì â ñâÿçè ñ åãî ìíîãî÷èñëåííûìè
ïðèìåíåíèÿìè â ðàçëè÷íûõ îáëàñòÿõ ìàòåìàòèêè.

Ïóñòü β = (β1, . . . , βn) � òî÷êè n-ìåðíîé öåëî÷èñëåííîé ðåøåòêè Zn, ïîäìíîæå-
ñòâî ýòîé ðåøåòêè, ñîñòîÿùåå èç òî÷åê ñ öåëûìè íåîòðèöàòåëüíûìè êîîðäèíàòàìè,
îáîçíà÷èì Zn+. Äàëåå îáîçíà÷èì |β| = β1 + · · ·+βn, z

β = zβ11 · · · · · zβnn è, åñëè β ∈ Zn+,
òî β! = β1! · · · βn!. Ïîëèíîìèàëüíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ äëÿ β ∈ Zn+ ñëå-
äóþùåé ôîðìóëîé

|β|!
β!

=
(β1 + · · ·+ βn)!

β1! · · · βn!
.

Ôèêñèðóåì s ∈ Zn+ è µ ∈ {1, 2, . . . , n}. Äëÿ j = µ, µ+1, . . . , n îáîçíà÷èì Bs
µ,j = {β ∈

Zn+ : βµ ≤ sµ, . . . , βj−1 ≤ sj−1, βj = sj, βj+1 ≤ sj+1, . . . , βn ≤ sn}.
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ ÍØ - 7347.2010
2Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 11.01-000852 è ãðàíòà ÌÎ è Íàóêè ÐÔ 134.11
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Òåîðåìà 1. Åñëè |z1|+· · ·+|zµ−1| < 1 è z1+z2+· · ·+zn = 1, òî äëÿ µ = 1, . . . , n
ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà

n∑
j=µ

zj
∑
β∈Bsµ,j

|β|!
β!
zβ ≡ 1. (2)

Åñëè µ = 1, òî ñèòóàöèÿ ñëåäóþùàÿ. Êîíñòðóèðîâàíèå âåéâëåòîâ ñ êîìïàêòíû-
ìè íîñèòåëÿìè [6] (Daubechies wavelets) ïðèâîäèò ê íåîáõîäèìîñòè ðåøèòü ôóíêöè-
îíàëüíîå óðàâíåíèå (1 − z)NP (z) + zNP (1 − z) ≡ 1, 0 ≤ z ≤ 1 îòíîñèòåëüíî íåèç-
âåñòíîé ôóíêöèè P (z). Ìíîãî÷ëåí íàèìåíüøåé ñòåïåíè, óäîâëåòâîðÿþùèé äàííîìó
óðàâíåíèþ, èìååò âèä

PN(z) =
N−1∑
k=0

(N − 1 + k)!

(N − 1)!k!
zk,

ò.å. äëÿ n = 2, s1 = s2 = N − 1 óäîâëåòâîðÿåò òîæäåñòâó

(1− z)N
N−1∑
k=0

(N − 1 + k)!

(N − 1)!k!
zk + zN

N−1∑
k=0

(N − 1 + k)!

(N − 1)!k!
(1− z)k = 1. (3)

Öàéëüáåðãåð Ä. (Zeilberger D., [7]) äàë âåðîÿòíîñòíóþ èíòåðïðåòàöèþ òîæäåñòâà
(3) äëÿ n = 2 è ïðèâåë âàðèàíò åãî îáîáùåíèÿ íà ìíîãîìåðíûé ñëó÷àé. Îòíîñè-
òåëüíî òåîðåìû 1 ýòîò âàðèàíò îçíà÷àåò, ÷òî ðàññìîòðåí ñëó÷àé s1 = s2 = · · · = sn.
Ñëó÷àé æå ïðîèçâîëüíûõ sj, ò.å. ôîðìóëà (2) äëÿ µ = 1 äîêàçàí â ðàáîòå Ã.Ï.
Åãîðû÷åâà [1]. Îòìåòèì, ÷òî íàðÿäó ñ òåîðèåé âåéâëåòîâ è òåîðèåé âåðîÿòíîñòåé
òîæäåñòâî, àíàëîãè÷íîå òîæäåñòâó (3), èñïîëüçîâàëîñü â ðàáîòå [5] ïðè èññëåäîâà-
íèè àñèìïòîòè÷åñêèõ ðàñïðåäåëåíèé Â.Ê. Èâàíîâà.

Îòìåòèì, ÷òî ïðèìåíåíèå êîíñòðóêöèè êîìïîçèöèè Àäàìàðà (Å.K. Ëåéíàðòàñ
, [4]) ïîçâîëèëî íå òîëüêî ñóùåñòâåííî óïðîñòèòü äîêàçàòåëüñòâî òîæäåñòâà äëÿ
µ = 1 â n-ìåðíîì ñëó÷àå, íî è åñòåñòâåííûì îáðàçîì ïîëó÷èòü òîæäåñòâà äëÿ
îñòàëüíûõ çíà÷åíèé µ.

Ïóñòü äàíû äâà ñòåïåííûõ ðÿäà êðàòíîñòè n è m ñîîòâåòñòâåííî:

f(ξ) =
∑
α≥0

a(α)ξα =
∑
α≥0

a(α1, . . . , αn)ξ
α1
1 · . . . · ξαnn , (4)

g(η) =
∑
β≥0

b(β)ηβ =
∑
β≥0

b(β1, . . . , βm)ηβ11 · . . . · ηβmm , (5)

ãäå α = (α1, . . . , αn), β = (β1, . . . , βm), à ¾âåêòîðíîå¿ íåðàâåíñòâî α ≥ 0 îçíà÷àåò,
÷òî αj ≥ 0, j = 1, 2, . . . , n. Ïóñòü, êðîìå òîãî, äàíî ëèíåéíîå îòîáðàæåíèå D : Zm →
Zn ñ ìàòðèöåé, êîòîðóþ ìû áóäåì îáîçíà÷àòü òîé æå áóêâîé

D = ‖dij‖m×n =

 d11 . . . d1n

. . . . . . . . .
dm1 . . . dmn

 (6)
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ãäå dij ∈ Z, i = 1, . . . ,m, j = 1, . . . , n.
Îïðåäåëèì êîìïîçèöèþ ðÿäîâ (4) è (5) ñëåäóþùèì îáðàçîì

h(z) :=
∑
β≥0

a(βD + s)b(β)zβ. (7)

Çäåñü s ∈ Zn è s ôèêñèðîâàíî, à ìóëüòèèíäåêñ β óìíîæàåòñÿ ñëåâà íà ìàòðèöó
(6) îáû÷íûì îáðàçîì. Åñëè m = n = 1, d11 = 1, s1 = 0, òî (7) � êëàññè÷åñêàÿ
àäàìàðîâñêàÿ êîìïîçèöèÿ ðÿäîâ (ñì. [8]).

Äðóãîé ¾êðàéíèé¿ ñëó÷àé µ = n ñâÿçàí ñ áåñêîíå÷íûìè ïîñëåäîâàòåëüíîñòÿìè
èñïûòàíèé Áåðíóëëè.

Òîæäåñòâî (2) ïðè n = 2 ìîæíî çàïèñàòü â âèäå

z2

∞∑
β1=0

(β1 + s2)!

β1!s2!
zβ11 z

s2
2 = 1, (8)

êîòîðîå â îòðèöàòåëüíîì áèíîìèàëüíîì ðàñïðåäåëåíèè äîïóñêàåò ñëåäóþùóþ èí-
òåðïðåòàöèþ.

Ïóñòü z1−âåðîÿòíîñòü óñïåõà, à z2−âåðîÿòíîñòü íåóäà÷è â ñõåìå Áåðíóëëè. Òîãäà
(β1+s2)!
β1!s2! z

β1
1 z

s2
2 − ýòî âåðîÿòíîñòü òîãî, ÷òî â ñåðèè (β1 + s2) èñïûòàíèé ïðîèçîéäåò β1

óñïåõ è s2 íåóäà÷. Ïðîâîäèì èñïûòàíèÿ äî òåõ ïîð, ïîêà íå íàñòóïèò ðîâíî s2 + 1
íåóäà÷à, òîãäà ëåâàÿ ÷àñòü ðàâåíñòâà (8) åñòü âåðîÿòíîñòü òîãî, ÷òî s2 + 1 íåóäà÷à
íàñòóïèëà ïîñëå êîíå÷íîãî ÷èñëà èñïûòàíèé.

Äëÿ n = 2 ðàâåíñòâî (2) îçíà÷àåò, ÷òî âîçìîæíîñòüþ ñóùåñòâîâàíèÿ áåñêîíå÷-
íîé ïîñëåäîâàòåëüíîñòè èñïûòàíèé ñ ÷èñëîì íåóäà÷ ìåíüøèì, ÷åì (s2 + 1) ìîæíî
ïðåíåáðå÷ü.
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Ìåæäó êîýôôèöèåíòàìè è ñòåïåííûìè ñóììàìè êîðíåé ïîëèíîìà ñóùåñòâóåò
çàâèñèìîñòü, êîòîðàÿ çàäàåòñÿ ôîðìóëàìè Âàðèíãà èëè ðåêóðåíòíûìè ñîîòíîøåíè-
ÿìè Íüþòîíà. Äëÿ ñèñòåì n àëãåáðàè÷åñêèõ óðàâíåíèé ñ n íåèçâåñòíûìè èçâåñòíî
îáîáùåíèå ðåêóðåíòíûõ ôîðìóë Íüþòîíà [1]. Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ îáîá-
ùåíèå ôîðìóë Âàðèíãà äëÿ òàêèõ ñèñòåì óðàâíåíèé.

Ðàññìîòðèì òàê íàçûâàåìóþ ïðèâåäåííóþ ñèñòåìó n àëãåáðàè÷åñêèõ óðàâíåíèé
îò n íåèçâåñòíûõ y = (y1, . . . , yn) âèäà

ymi

i +
∑
λ∈Λ(i)

xλy
λ = 0, i = 1, . . . , n, (1)

ãäå íàáîð Λ(i) ⊂ Zn> ïîêàçàòåëåé i-ãî óðàâíåíèÿ ñîñòîèò èç ýëåìåíòîâ λ =
(λ1, . . . , λn) òàêèõ, ÷òî |λ| := λ1 + . . .+ λn < mi.

Îáîçíà÷èì ÷åðåç Λ äèçúþíêòíóþ ñóììó
⊔

Λi, è ïóñòü |Λ| - ÷èñëî êîýôôèöèåíòîâ
â ñèñòåìå (1). Ïîêàçàòåëè λ ìîíîìîâ yλ â ñèñòåìå (1) ìîæíî ïðåäñòàâèòü êàê n×|Λ|-
ìàòðèöó

Ψ = (λ1, . . . , λ|Λ|),

ãäå λk - ýòî âåêòîð-ñòîëáåö èç Λ.
Êðîìå òîãî, ðàññìîòðèì n × |Λ|-ìàòðèöó χ, i-ÿ ñòðîêà êîòîðîé ïðåäñòàâëÿåò

óìíîæåííóþ íà mi õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ïîäìíîæåñòâà Λ(i) ⊂ Λ, òî åñòü
ýëåìåíòû ýòîé ñòðîêè ðàâíû mi íà ìåñòàõ λ ∈ Λ(i) è 0 íà âñåõ îñòàëüíûõ ìåñòàõ
λ ∈ Λ. Òàêæå ââåäåì |Λ|×n-ìàòðèöó K, i-é ñòîëáåö êîòîðîé ïðåäñòàâëÿåò õàðàêòå-
ðèñòè÷åñêóþ ôóíêöèþ ïîäìíîæåñòâà Λ(i) ⊂ Λ, óìíîæåííóþ íà ñîîòâåòñâóþùèå kλ,
òî åñòü ýëåìåíòû ýòîãî ñòîëáöà ðàâíû kλ íà ìåñòàõ λ ∈ Λ(i) è 0 íà âñåõ îñòàëüíûõ
ìåñòàõ λ ∈ Λ.

Â ïðîñòðàíñòâå êîýôôèöèåíòîâ ñèñòåìû îáîçíà÷èì ÷åðåç x(0) òî÷êó òàêóþ, ÷òî
âñå êîýôôèöèåíòû ñèñòåìû, êðîìå ñâîáîäíûõ ÷ëåíîâ ðàâíû 0, à ñâîáîäíûå ÷ëåíû
ïðèíèìàþò çíà÷åíèå -1. Îáîçíà÷èì ÷åðåç y = y(x) - ðåøåíèå ñèñòåìû (1), åãî âåòâü
ñ óñëîâèåì y(x(0)) = (1, . . . , 1) áóäåì íàçûâàòü ãëàâíûì ðåøåíèåì.

Ñèñòåìà (1) èìååò N = m1 · . . . ·mn ðåøåíèé y
(ν)(x).

Ñòåïåííîé ñóììîé ñòåïåíè µ ∈ Zn> íàçûâàþò âûðàæåíèå Sµ =
N∑
ν=1

(
y(ν)(x)

)µ
.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè (No 1.
34.11).
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Òåîðåìà 1. Ñòåïåííàÿ ñóììà Sµ êîðíåé ñèñòåìû (1) ìîæåò áûòü ïðåäñòàâ-
ëåíà â ñëåäóþùåì âèäå:

Sµ =
∑
k>0:

(χ−Ψ)k=µ

(−1)|k|

k!

n∏
j=1

Γ

(∑
λ∈Λ(j)

kλ

)
· det ((χ−Ψ)K)xk. (2)

Îòìåòèì, ÷òî âûðàæåíèå (2) çàâåäîìî êîððåêòíî îïðåäåëåíî â ñëó÷àå, êîãäà ïî-
ëîæèòåëüíû âñå êîîðäèíàòû µj âåêòîðà µ: â ýòîì ñëó÷àå Γ-ôóíêöèè âû÷èñëÿþòñÿ
ëèøü â ïîëîæèòåëüíûõ çíà÷åíèÿõ

∑
λ∈Λ(j)

kλ. Åñëè æå íåêîòîðûå µj = 0, òî äëÿ âû-

÷èñëåíèÿ ñóììû Sµ íåîáõîäèìî ïîëüçîâàòüñÿ ñîîòâåòñòâóþùèìè àíàëèòè÷åñêèìè
ïðîäîëæåíèÿìè (ïî ïåðåìåííîé k) ïðàâîé ÷àñòè â (2).

Èäåÿ äîêàçàòåëüñòâà òåîðåìû ñëåäóþùàÿ:
Â ïðîñòðàíñòâå êîýôôèöèåíòîâ ñèñòåìû îáîçíà÷èì ÷åðåç x(0) òàêóþ òî÷êó, ÷òî

âñå êîýôôèöèåíòû ñèñòåìû, êðîìå ñâîáîäíûõ ÷ëåíîâ, ðàâíû 0, à ñâîáîäíûå ÷ëåíû
ïðèíèìàþò çíà÷åíèå −1. Îáîçíà÷èì ÷åðåç y = y(x) - ðåøåíèå ñèñòåìû (1). Åãî âåòâü
y0(x) ñ óñëîâèåì y0(x(0)) = (1, . . . , 1) íàçûâàþò ãëàâíûì ðåøåíèåì, äëÿ êîòîðîãî
ñóùåñòâóåò ôîðìóëà â âèäå ðÿäà ãèïåðãåîìåòðè÷åñêîãî òèïà [2].

Â íåêîòîðîé îêðåñòíîñòè òî÷êè x(0) ñîâîêóïíîñòü ðåøåíèé èìååò ”
ðåøåò÷àòûé“

âèä, à èìåííî, j-ÿ êîîðäèíàòà yj ïðîáåãàåò mj çíà÷åíèé.

Îáîçíà÷èì εJ = (εj1, . . . , εjn), ãäå εjk = e
2πi
mk

jk . Âñå ðåøåíèÿ ñèñòåìû (1) ìîæíî
âûðàçèòü ÷åðåç ãëàâíîå ðåøåíèå ñëåäóþùèì îáðàçîì:

yJ(x) = εJy0

({
ελJxλ

})
.

Òîãäà ñòåïåííàÿ ñóììà Sµ ìîæåò áûòü çàïèñàíà â âèäå

Sµ =
m−I∑
J=0

yµJ(x),

è ïîêîýôôèöèåíòíûì ñëîæåíèåì ðÿäîâ ãèïåðãåîìåòðè÷åñêîãî òèïà, ïîëó÷àåì ïî-
ëèíîìèàëüíîå âûðàæåíèå (2)
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Äàííàÿ ðàáîòà ñîäåðæèò ðåçóëüòàò, ñâÿçàííûé ñ ãîëîìîðôíûì ïðîäîëæåíèåì
ôóíêöèé f , çàäàííûõ íà ãðàíèöå îãðàíè÷åííîé îáëàñòè D ⊂ Cn, n > 1, â ýòó
îáëàñòü. Ðå÷ü ïîéäåò î ôóíêöèÿõ ñ îäíîìåðíûì ñâîéñòâîì ãîëîìîðôíîãî ïðîäîë-
æåíèÿ âäîëü êîìïëåêñíûõ ïðÿìûõ.

Íà êîìïëåêñíîé ïëîñêîñòè C ðåçóëüòàòû î ôóíêöèÿõ ñ îäíîìåðíûì ñâîéñòâîì
ãîëîìîðôíîãî ïðîäîëæåíèÿ òðèâèàëüíû. Ïîýòîìó íàøè ðåçóëüòàòû ñóùåñòâåííî
ìíîãîìåðíû.

Ïåðâûé ðåçóëüòàò, îòíîñÿùèéñÿ ê íàøåé òåìå, ïîëó÷åí Ì.Ë. Àãðàíîâñêèì è
Ð.Å. Âàëüñêèì â [1], èçó÷èâøèìè ôóíêöèè ñ îäíîìåðíûì ñâîéñòâîì ãîëîìîðôíîãî
ïðîäîëæåíèÿ â øàðå. Äîêàçàòåëüñòâî îñíîâûâàëîñü íà ñâîéñòâàõ ãðóïïû àâòîìîð-
ôèçìîâ øàðà.

Ñòàóòîì â [2], èñïîëüçîâàâøèì êîìïëåêñíîå ïðåîáðàçîâàíèå Ðàäîíà, òåîðåìà
Àãðàíîâñêîãî è Âàëüñêîãî áûëà ïåðåíåñåíà íà ïðîèçâîëüíûå îãðàíè÷åííûå îáëà-
ñòè ñ ãëàäêîé ãðàíèöåé. Àëüòåðíàòèâíîå äîêàçàòåëüñòâî òåîðåìû Ñòàóòà ïîëó÷åíî
À.Ì. Êûòìàíîâûì (ñì. [3]), ïðèìåíèâøèì èíòåãðàë Áîõíåðà � Ìàðòèíåëëè. Èäåÿ
èñïîëüçîâàíèÿ èíòåãðàëüíûõ ïðåäñòàâëåíèé (Áîõíåðà � Ìàðòèíåëëè, Êîøè � Ôàí-
òàïïüå) îêàçàëàñü ïîëåçíîé ïðè èçó÷åíèè ôóíêöèé ñ îäíîìåðíûì ñâîéñòâîì ãîëî-
ìîðôíîãî ïðîäîëæåíèÿ.

Ïóñòü D � îãðàíè÷åííàÿ îáëàñòü â Cn, n > 1, ñî ñâÿçíîé ãëàäêîé ãðàíèöåé ∂D
êëàññà C2. Ñôîðìóëèðóåì ðåçóëüòàò Å.Ë. Ñòàóòà [2].

Ðàññìîòðèì êîìïëåêñíûå ïðÿìûå âèäà

l = {ζ ∈ Cn : ζj = zj + bjt, j = 1, . . . , n, t ∈ C}, (1)

ïðîõîäÿùèå ÷åðåç òî÷êó z ∈ Cn â íàïðàâëåíèè âåêòîðà b ∈ CPn−1 (íàïðàâëåíèå b
îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî óìíîæåíèÿ íà êîìïëåêñíîå ÷èñëî λ 6= 0).

Ïî òåîðåìå Ñàðäà äëÿ ïî÷òè âñåõ z ∈ Cn è ïî÷òè âñåõ b ∈ CPn−1 ïåðåñå÷å-
íèå l ∩ ∂D ïðåäñòàâëÿåò ñîáîé íàáîð êîíå÷íîãî ÷èñëà êóñî÷íî-ãëàäêèõ êðèâûõ (çà
èñêëþ÷åíèåì âûðîæäåííîãî ñëó÷àÿ, êîãäà ∂D ∩ l = ∅).

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f ∈ C (∂D) îáëàäàåò îäíîìåðíûì ñâîéñòâîì
ãîëîìîðôíîãî ïðîäîëæåíèÿ âäîëü êîìïëåêñíîé ïðÿìîé l (l ∩ ∂D 6= ∅), åñëè ñóùå-
ñòâóåò ôóíêöèÿ fl ñî ñëåäóþùèìè ñâîéñòâàìè:

1) fl ∈ C
(
D ∩ l

)
;

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 12-01-00007-à.
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2) fl = f íà ìíîæåñòâå ∂D ∩ l;

3) ôóíêöèÿ fl ãîëîìîðôíà âî âíóòðåííèõ (îòíîñèòåëüíî òîïîëîãèè l) òî÷êàõ
ìíîæåñòâà D ∩ l.

Òåîðåìà 1 (Ñòàóò Å.Ë. [2]). Åñëè ôóíêöèÿ f ∈ C (∂D) îáëàäàåò îäíîìåðíûì
ñâîéñòâîì ãîëîìîðôíîãî ïðîäîëæåíèÿ âäîëü êîìïëåêñíûõ ïðÿìûõ âèäà (1), òî f
ãîëîìîðôíî ïðîäîëæàåòñÿ â D.

Áîëåå óçêîå ñåìåéñòâî êîìïëåêñíûõ ïðÿìûõ, äîñòàòî÷íîå äëÿ ãîëîìîðôíîãî ïðî-
äîëæåíèÿ, áûëî ðàññìîòðåíî Ì.Ë. Àãðàíîâñêèì è À.Ì. Ñåìåíîâûì [4].

Ðàññìîòðèì îòêðûòîå ìíîæåñòâî V ⊂ D è ñåìåéñòâî LV êîìïëåêñíûõ ïðÿìûõ,
ïåðåñåêàþùèõ ýòî ìíîæåñòâî.

Òåîðåìà 2 (Àãðàíîâñêèé Ì.Ë., Ñåìåíîâ À.Ì. [4]). Åñëè ôóíêöèÿ f ∈ C (∂D)
îáëàäàåò ñâîéñòâîì îäíîìåðíîãî ãîëîìîðôíîãî ïðîäîëæåíèÿ âäîëü ïðÿìûõ èç ñå-
ìåéñòâà LV äëÿ íåêîòîðîãî îòêðûòîãî ìíîæåñòâà V ⊂ D, òîãäà ôóíêöèÿ f
ãîëîìîðôíî ïðîäîëæàåòñÿ â D.

Â äàëüíåéøåì ðÿäîì àâòîðîâ (ñì., íàïðèìåð, ðàáîòû [5] � [8]) áûëè ðàññìîòðåíû
ðàçëè÷íûå ñåìåéñòâà êîìïëåêñíûõ ïðÿìûõ (íàïðèìåð, ñåìåéñòâà êîìïëåêñíûõ ïðÿ-
ìûõ, ïåðåñåêàþùèå ðîñòîê ïîðîæäàþùåãî ìíîãîîáðàçèÿ, ïðîõîäÿùèå ÷åðåç ðîñòîê
êîìïëåêñíîé ãèïåðïîâåðõíîñòè è äð.), äîñòàòî÷íûå äëÿ ãîëîìîðôíîãî ïðîäîëæåíèÿ
ôóíêöèé èç ðàçëè÷íûõ êëàññîâ. Ïðèâåäåì çäåñü ðåçóëüòàò èç ðàáîòû [1], â êîòîðîé
óòâåðæäàåòñÿ, ÷òî ñåìåéñòâî êîìïëåêñíûõ ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç ãðàíè÷íóþ
òî÷êó êîìïëåêñíîãî øàðà, ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ãîëîìîðôíîãî ïðîäîëæåíèÿ
âåùåñòâåííî � àíàëèòè÷åñêèõ ôóíêöèé, çàäàííûõ íà ãðàíèöå øàðà.

Ïóñòü Bn � øàð â Cn, ∂Bn � ñôåðà, z0 ∈ ∂Bn è Cw îáîçíà÷àåò êëàññ âåùåñòâåí-
íî � àíàëèòè÷åñêèõ ôóíêöèé.

Òåîðåìà 3 (Áàðàêêî Ë. [1]). Ïóñòü ôóíêöèÿ f ∈ Cw (∂Bn) îáëàäàåò îäíîìåð-
íûì ñâîéñòâîì ãîëîìîðôíîãî ïðîäîëæåíèÿ âäîëü âñåõ êîìïëåêñíûõ ïðÿìûõ, ïðî-
õîäÿùèõ ÷åðåç òî÷êó z0. Òîãäà ôóíêöèÿ f ãîëîìîðôíî ïðîäîëæàåòñÿ â Bn.

Â ðàáîòå [9] ïîêàçàíî, ÷òî ñåìåéñòâî êîìïëåêñíûõ ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç
ãðàíè÷íóþ òî÷êó îãðàíè÷åííîé ìíîãîìåðíîé ñòðîãî âûïóêëîé îáëàñòè (ñ íåêîòî-
ðûì óñëîâèåì íà ãðàíèöó), ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ãîëîìîðôíîãî ïðîäîëæåíèÿ
âåùåñòâåííî � àíàëèòè÷åñêèõ ôóíêöèé, çàäàííûõ íà ãðàíèöå äàííîé îáëàñòè.

Ïóñòü D � îãðàíè÷åííàÿ ñòðîãî âûïóêëàÿ îáëàñòü â Cn (n > 1) ñ âåùåñòâåííî �
àíàëèòè÷åñêîé ãðàíèöåé ∂D, ò. å

D = {w | ρ (w) < 0},

ãäå ôóíêöèÿ ρ (w1, . . . , wn) ÿâëÿåòñÿ âåùåñòâåííî � àíàëèòè÷åñêîé â íåêîòîðîé
îêðåñòíîñòè çàìûêàíèÿ îáëàñòè D. Ïðè ýòîì

grad ρ =

(
∂ρ

∂w1
, . . . ,

∂ρ

∂wn

)
6= 0
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íà ∂D. Îáîçíà÷èì òàêæå ÷åðåç Lw0
� ñåìåéñòâî êîìïëåêñíûõ ïðÿìûõ, ïðîõîäÿùèõ

÷åðåç òî÷êó w0, w0 ∈ ∂D.
Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 4. Ïóñòü ôóíêöèÿ f ∈ Cw (∂D) îáëàäàåò îäíîìåðíûì ñâîéñòâîì ãî-
ëîìîðôíîãî ïðîäîëæåíèÿ âäîëü âñåõ êîìïëåêñíûõ ïðÿìûõ èç Lw0

, ïåðåñåêàþùèõ
D, òîãäà ôóíêöèÿ f ãîëîìîðôíî ïðîäîëæàåòñÿ â D.
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Ðàññìîòðèì ÿâëåíèå óñòàíîâèâøåãîñÿ ðåçîíàíñà è ÿâëåíèå ïðîõîæäåíèÿ ÷åðåç
ðåçîíàíñ äëÿ ïîïåðå÷íûõ êîëåáàíèé áàëêè ïåðåìåííîé äëèíû ñ ó÷åòîì âëèÿíèÿ
èçãèáíîé æåñòêîñòè è äåìïôèðóþùèõ ñèë.

Äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå êîëåáàíèÿ áàëêè, èìååò âèä:

Utt(x, t) +
λ

ρ
Ut(x, t) +

EI

ρ
Uxxxx(x, t) = 0. (1)

Ãðàíè÷íûå óñëîâèÿ:
U(0, t) = 0;Ux(0, t) = 0; (2)

U(l0(t), t) = B cosW0(ω0t);Ux(l0(t), t) = 0. (3)

Íà÷àëüíûå óñëîâèÿ íå îêàçûâàþò âëèÿíèå íà ðåçîíàíñíûå ñâîéñòâà ëèíåéíûõ
ñèñòåì, ïîýòîìó â äàííîé çàäà÷å îíè íå ðàññìàòðèâàþòñÿ [1].

Â (1)-(3) èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: U(x, t)�ïîïåðå÷íîå ñìåùåíèå
òî÷êè áàëêè ñ êîîðäèíàòîé x â ìîìåíò âðåìåíè t; E �ìîäóëü óïðóãîñòè ìàòåðèàëà
áàëêè; I � îñåâîé ìîìåíò èíåðöèè ñå÷åíèÿ áàëêè; λ� ñèëà ñîïðîòèâëåíèÿ ñðåäû,
äåéñòâóþùàÿ íà åäèíèöó äëèíû áàëêè ïðè åäèíè÷íîé ñêîðîñòè ïîïåðå÷íîãî äâè-
æåíèÿ; ρ�ëèíåéíàÿ ïëîòíîñòü ìàññû áàëêè; l0(t) = L0 − v0t� çàêîí äâèæåíèÿ
ïðàâîé ãðàíèöû; L0 �íà÷àëüíàÿ äëèíà áàëêè; W0(z)�ôóíêöèÿ êëàññà C1; B,ω0 �
ïîñòîÿííûå âåëè÷èíû (â ñëó÷àå äåéñòâèÿ ãàðìîíè÷åñêîãî âîçìóùåíèÿ ω0 ÿâëÿåòñÿ
÷àñòîòîé ýòîãî âîçìóùåíèÿ).

Åñëè ââåñòè â çàäà÷ó (1)-(3) áåçðàçìåðíûå ïåðåìåííûå:

ξ =
x

L0
; τ = ω0

(
t− L0

v0

)
; U(x, t) = Bu(ξ, τ)

è íîâóþ ôóíêöèþ
u(ξ, τ) = e−ατV (ξ, τ),

ãäå α = λ
2ω0ρ

, òî èñõîäíàÿ çàäà÷à ïðèìåò âèä:
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β2Vξξξξ(ξ, τ) + Vττ(ξ, τ)− α2V (ξ, τ) = 0; (4)

V (0, τ) = 0; Vξ(0, τ) = 0; (5)

V (l(ετ), τ) = eατ cosW (τ); Vξ(l(ετ), τ) = 0, (6)

ãäå β2 = EI
ρ

1
L4
0ω

2
0
, l(ετ) = ετ , W (τ) = W0

(
τ − 1

ε

)
, ε = − v0

L0ω0
.

Äëÿ ðåøåíèÿ çàäà÷è (4)-(6) âîñïîëüçóåìñÿ ìåòîäîì Êàíòîðîâè÷à�Ãàëåðêèíà [2].
Ñëåäóÿ äàííîé ìåòîäèêå, ïîëó÷èì ôîðìóëó àìïëèòóäû êîëåáàíèé, ñîîòâåòñòâó-

þùèõ n-îé äèíàìè÷åñêîé ìîäå:

A2
n(τ) = E2

n(τ)


 τ∫

0

Fn(ζ) cos Φn(ζ)dζ

2

+

 τ∫
0

Fn(ζ) sin Φn(ζ)dζ

2
 ,

ãäå

E2
n(τ) = 0, 64

e−2ατ

l(ετ)Ω0n(ετ)
; Ω0n(ετ) =

√
β2k4

n

l4(ετ)
− α2; kn = πn+

π

2
;

Φn(ζ) =

τ∫
0

Ω0n(εζ)dζ −W (ζ); Fn(ζ) =
−2(−1)nβ2k3

ne
αζ√

Ω0n(εζ)l7(εζ)
.

ßâëåíèå óñòàíîâèâøåãîñÿ ðåçîíàíñà â ðàññìàòðèâàåìîé ñèñòåìå íàáëþäàåòñÿ,
åñëè ñêîðîñòü èçìåíåíèÿ ôóíêöèè Φn(ζ) ðàâíà íóëþ, ò.å.:

W (τ) = wn(τ) + γ,
ãäå γ �ïîñòîÿííàÿ âåëè÷èíà.
Âîçðàñòàíèå àìïëèòóäû ïðè ýòîì îïèñûâàåòñÿ ñëåäóþùèì âûðàæåíèåì:

An(τ) = 1, 6
β2k3

ne
−ατ√

Ω0n(ετ)l(ετ)

τ∫
0

eαζ√
Ω0n(εζ)l7(εζ)

dζ.

Èññëåäóåì ïîâåäåíèå ñèñòåìû ïîä äåéñòâèåì ãàðìîíè÷åñêîé íàãðóçêè, êîãäà
W (τ) = τ , ÷òî â íà÷àëüíîé ïîñòàíîâêå ñîîòâåòñòâóåò äåéñòâèþ âîçìóùàþùåé ñèëû
ñ ÷àñòîòîé ω0. Â ýòîì ñëó÷àå íà èíòåðâàëå, ñîäåðæàùåì òî÷êó τ0, áóäåò íàáëþ-
äàòüñÿ ÿâëåíèå ïðîõîæäåíèÿ ÷åðåç ðåçîíàíñ. Ôîðìóëà äëÿ ìàêñèìàëüíî âîçìîæíîé
àìïëèòóäû çäåñü èìååò âèä

A2
n(τ1, τ2) = E2

n(τ2)


 τ2∫
τ1

Fn(ζ) cos Φn(ζ)dζ

2

+

 τ2∫
τ1

Fn(ζ) sin Φn(ζ)dζ

2
 .
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Ïðîõîæäåíèå ÷åðåç ðåçîíàíñ íà÷èíàåòñÿ íå äîõîäÿ äî òî÷êè τ0 (τ1 < τ0) è çàêàí-
÷èâàåòñÿ çà ýòîé òî÷êîé (τ2 > τ0). Ñàìà òî÷êà τ0 îïðåäåëÿåòñÿ ïî ôîðìóëå:

τ0 =
1

ε

kn
√
β

4
√

1 + α2
.

Â çàêëþ÷åíèè îòìåòèì, ÷òî ïðèâåäåííûå çäåñü ðåçóëüòàòû ïîçâîëÿþò ïðîèç-
âåñòè êîëè÷åñòâåííûé àíàëèç óñòàíîâèâøåãîñÿ ðåçîíàíñà è ÿâëåíèÿ ïðîõîæäåíèÿ
÷åðåç ðåçîíàíñ äëÿ ñèñòåì, êîëåáàíèÿ â êîòîðûõ îïèñûâàåò çàäà÷à (1)-(3).
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ÂÛ×ÈÑËÅÍÈß ÑÒÅÏÅÍÍÛÕ ÑÓÌÌ ÊÎÐÍÅÉ ÑÈÑÒÅÌ
ÍÅÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ ÎÏÐÅÄÅËÅÍÍÎÃÎ ÂÈÄÀ

EVALUATION OF THE POWER SUMS OF ROOTS FOR SYSTEMS OF
NON-ALGEBRAIC EQUATIONS OF CERTAIN FORM

Å.Ê.Ìûøêèíà1

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
el�fenok@mail.ru

Ðàññìîòðèì ñèñòåìó ôóíêöèé f1(z), f2(z), . . . , fn(z), ãîëîìîðôíûõ â îêðåñòíî-
ñòè òî÷êè 0 ∈ Cn, z = (z1, z2, . . . , zn), è èìåþùèõ ñëåäóþùèé âèä

fj(z) = (zβ
j

+Qj(z))ePj(z), j = 1, 2, . . . , n, (1)

ãäå βj = (βj1, β
j
2, . . . , β

j
n) � ìóëüòèèíäåêñ ñ öåëûìè íåîòðèöàòåëüíûìè êîîðäèíàòà-

ìè, zβ
j

= z
βj1
1 · z

βj2
2 · · · z

βjn
n ; ‖βj‖ = βj1 + βj2 + . . .+ βjn = kj,; j = 1, 2, . . . , n.

Ôóíêöèè Qj, Pj ðàçëàãàþòñÿ â îêðåñòíîñòè íóëÿ â ðÿä Òåéëîðà, ñõîäÿùèéñÿ
àáñîëþòíî è ðàâíîìåðíî, âèäà

Qj(z) =
∑
‖α‖>kj

ajαz
α, (2)

Pj(z) =
∑
‖γ‖>0

bjγz
γ, (3)

ãäå α = (α1, α2, . . . , αn), αj > 0, αj ∈ Z, à zα = zα1
1 · z

α2
2 · · · zαnn ; γ = (γ1, γ2, . . . , γn),

γj > 0, γj ∈ Z, à zγ = zγ11 · z
γ2
2 · · · zγnn .

Ðàññìîòðèì öèêëû γ(r) = γ(r1, r2, . . . , rn), ÿâëÿþùèåñÿ îñòîâàìè ïîëèêðóãîâ:

γ(r) = {z ∈ Cn : |zs| = rs, s = 1, 2, . . . , n}, r1 > 0, . . . , rn > 0.

Ïðè äîñòàòî÷íî ìàëûõ rj öèêëû γ(r) ëåæàò â îáëàñòè ãîëîìîðôíîñòè ôóíêöèé
fj è fj(z) 6= 0 íà γ(r), j = 1, 2, . . . , n.

Îáîçíà÷èì

Jβ =
1

(2πi)n

∫
γ(r)

1

zβ+I
· df
f

=

=
1

(2πi)n

∫
γ(r1,r2,...,rn)

1

zβ1+1
1 · zβ2+1

2 · · · zβn+1
n

· df1

f1
∧ df2

f2
∧ . . . ∧ dfn

fn

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 12-01-00007-à
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Ðàññìîòðèì ñèñòåìó óðàâíåíèé âèäà
f1(z) = 0,

f2(z) = 0,

. . . . . .

fn(z) = 0.

(4)

Òåîðåìà 1. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ äëÿ ôóíêöèè fj âèäà (1), (2), (3)
ñïðàâåäëèâû ôîðìóëû:

Jβ =
∑
J

∑
‖αs‖6‖β‖+min(n,ki1+...+kis)

M

[
(−1)‖α

s‖∆J ·Qαs

(J)

zβ+(αs1+1)βi1+...+(αss+1)βis

]
,

ãäå ls = ‖β+(αs1+1)βi1 +. . .+(αss+1)βis‖; β! = β1!·β2! · · · βn!; Qαs

(J) = Q
αs1
j1
·Qαs2

j2
· · ·Qαss

js
;

∂‖β‖

∂zβ
=

∂‖β‖

∂zβ11 ∂z
β2
2 · · · ∂z

βn
n

; J � ìóëüòèèíäåêñ äëèíû n, ñîñòîÿùèé èç s åäèíèö è

(n − s) íóëåé; ∆J � ÿêîáèàí ñèñòåìû ôóíêöèé, ó êîòîðûõ åäèíèöû ñòîÿùèå íà

j-îì ìåñòå â J ñîîòâåòñòâóåò ñòðîêà df̃j, à íóëþ ñòîÿùåìó íà j-îì ìåñòå â J
ñîîòâåòñòâóåò ñòðîêà dPj, j = 1, . . . , n, è, íàêîíåö, M � ëèíåéíûé ôóíêöèîíàë,
ñîïîñòàâëÿþùèé ðÿäó Ëîðàíà åãî ñâîáîäíûé ÷ëåí.

Òåïåðü âîçüìåì â êà÷åñòâå ôóíêöèé Qj (j = 1, 2, . . . , n) ìíîãî÷ëåíû âèäà

Qj(z) =
∑
α∈Mj

ajαz
α, (5)

ãäå Mj � êîíå÷íîå ìíîæåñòâî ìóëüòèèíäåêñîâ òàêîå, ÷òî ïðè α ∈ Mj êîîðäèíàòû

αk 6 βjk, k = 1, 2, . . . , n, k 6= j. (Íî ïî ïðåæíåìó ïðåäïîëàãàåòñÿ, ÷òî ‖α‖ > kj äëÿ
âñåõ α ∈Mj).

À â êà÷åñòâå Pj (j = 1, 2, . . . , n) ìíîãî÷ëåíû âèäà

Pj(z) =
∑

06‖γ‖6pj

bjγz
γ. (6)

Îáîçíà÷èì

σβ+I = σ(β1+1,β2+1,...,βn+1) =
M∑
k=1

1

zβ1+1
1(k) · z

β2+1
2(k) · · · z

βn+1
n(k)

,

ãäå M - ÷èñëî êîðíåé ñèñòåìû (4) (ñ ó÷åòîì èõ êðàòíîñòè), íå ëåæàùèõ íà êî-
îðäèíàòíûõ ïëîñêîñòÿõ. Äàííîå âûðàæåíèå ÿâëÿåòñÿ ñòåïåííîé ñóììîé êîðíåé, íå
ëåæàùèõ íà êîîðäèíàòíûõ ïëîñêîñòÿõ, íî â îòðèöàòåëüíîé ñòåïåíè (ëèáî ñòåïåííîé
ñóììîé îò îáðàòíûõ âåëè÷èí êîðíåé).
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Òåîðåìà 2. Äëÿ ñèñòåìû ñ ìíîãî÷ëåíàìè fj âèäà (1) è ìíîãî÷ëåíàìè Qj âèäà
(5) è Pj âèäà (6) ñïðàâåäëèâû ôîðìóëû Jβ = (−1)nσβ+I , åñëè âûïîëíÿåòñÿ β >
l1 + . . . + ln, ãäå lj = (lj1, . . . , l

j
n) è lji - íàèâûñøàÿ ñòåïåíü i-îãî ìíîãî÷ëåíà Pi ïî

j-îé ïåðåìåííîé zj; i, j = 1, . . . , n (ìóëüòèèíäåêñ α 6 β, åñëè äàííîå íåðàâåíñòâî
âûïîëíÿåòñÿ äëÿ âñåõ êîîðäèíàò).

Ðàññìîòðèì áîëåå îáùóþ ñèòóàöèþ. Ïóñòü ôóíêöèè fj èìåþò âèä

fj(z) =
f

(1)
j (z)

f
(2)
j (z)

, j = 1, 2, . . . , n, (7)

ãäå f
(1)
j (z) è f

(2)
j (z) � öåëûå ôóíêöèè â Cn êîíå÷íîãî ïîðÿäêà ðîñòà, ðàçëàãàþùèåñÿ

â áåñêîíå÷íûå ïðîèçâåäåíèÿ (ðàâíîìåðíî ñõîäÿùèåñÿ â Cn)

f
(1)
j (z) =

∞∏
s=1

f
(1)
js

(z), f
(2)
j (z) =

∞∏
s=1

f
(2)
js

(z),

ïðè÷åì êàæäûé èç ñîìíîæèòåëåé èìååò ôîðìó (zβ
js

+Qjs(z))ePjs(z), àQjs(z), Pjs(z) �
ôóíêöèè âèäà (5), (6) è ñòåïåíè âñåõ ìíîãî÷ëåíîâ, âõîäÿùèõ â ñèñòåìó, degPjs ≤ ρ,
j = 1, 2, . . . , n., s = 1, 2, . . . ,∞.

Îïðåäåëèì ìóëüòèèíäåêñ lj = (lj1, . . . , l
j
n), ãäå l

j
i - ìàêñèìàëüíàÿ èç íàèâûñøèõ

ñòåïåíåé âñåõ ìíîãî÷ëåíà Pi ïî j-îé ïåðåìåííîé zj; i, j = 1, . . . , n, âõîäÿùèõ â ðàç-
ëîæåíèå.

Äëÿ êàæäîãî íàáîðà èíäåêñîâ j1, . . . , jn, ãäå j1, . . . , jn ∈ N, è êàæäîãî íàáîðà
÷èñåë i1, . . . , in, ãäå i1, . . . , in ðàâíû 1 èëè 2, ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé

f
(i1)
1j1

(z) = 0, f
(i2)
2j2

(z) = 0, . . . , f
(in)
njn

(z) = 0, (8)

èìåþò êîíå÷íîå ÷èñëî êîðíåé, íå ëåæàùèõ íà êîîðäèíàòíûõ ïëîñêîñòÿõ.
Êîðíè âñåõ òàêèõ ñèñòåì (íå ëåæàùèå íà êîîðäèíàòíûõ ïëîñêîñòÿõ) ñîñòàâ-

ëÿþò íå áîëåå, ÷åì ñ÷åòíîå ìíîæåñòâî. Ïåðåíóìåðóåì èõ (ñ ó÷åòîì êðàòíîñòåé):
z(1), z(2), . . . , z(l), . . ..

Îáîçíà÷èì ÷åðåç σβ+I âûðàæåíèå

σβ+I =
∞∑
l=1

εl

zβ1+1
1(l) · z

β2+1
2(l) · · · z

βn+1
n(l)

.

Çäåñü β1, . . . , βn, êàê è ïðåæäå, íåîòðèöàòåëüíûå öåëûå ÷èñëà, à çíàê εl ðàâåí +1,
åñëè â ñèñòåìó âèäà (8), êîðíåì êîòîðîé ÿâëÿåòñÿ z(l), âõîäèò ÷åòíîå ÷èñëî ôóíêöèé

f
(2)
js
; è ðàâåí −1, åñëè â ñèñòåìó âèäà (8), êîðíåì êîòîðîé ÿâëÿåòñÿ z(l), âõîäèò

íå÷åòíîå ÷èñëî ôóíêöèé f
(2)
js
.

Òåîðåìà 3. Äëÿ ñèñòåìû (4) ñ ôóíêöèÿìè âèäà (8), äëÿ êîòîðûõ â ðàçëî-
æåíèè ñòåïåíè âñåõ Pj îãðàíè÷åíû ÷èñëîì ρ è âûïîëíÿåòñÿ íåðàâåíñòâî β >
l1 + . . .+ ln, òîãäà äëÿ σβ+I - ñõîäèòñÿ è ñïðàâåäëèâû ôîðìóëû

Jβ = (−1)nσβ+I .
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ÌÍÎÃÎÌÅÐÍÛÅ ÐÀÇÍÎÑÒÍÛÅ ÓÐÀÂÍÅÍÈß
Â ÏÐÎÈÇÂÎËÜÍÎÌ ÊÎÍÓÑÅ ÖÅËÎ×ÈÑËÅÍÍÎÉ ÐÅØÅÒÊÈ

MULTIDIMENSIONAL DIFFERENCE EQUATIONS
IN AN ARBITRARY LATTICE CONE

Ò.È.Íåêðàñîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
tinkler-9@ya.ru

Ïóñòü Z− ìíîæåñòâî öåëûõ ÷èñåë, à Zn = Z× . . .×Z− n-ìåðíàÿ öåëî÷èñëåííàÿ
ðåøåòêà.

Îïðåäåëåíèå 1. Êîíóñîì K â Zn áóäåì íàçûâàòü ëèíåéíûå êîìáèíàöèè èç s
âåêòîðîâ a1, . . . , as ∈ Zn âèäà K = {x : x = λ1a

1 + . . .+ λsa
s, λi ∈ Z+, i = 1, . . . , s},

ãäå Z+− öåëûå íåîòðèöàòåëüíûå ÷èñëà.

Áóäåì ðàññìàòðèâàòü ñèìïëèöèàëüíûå êîíóñû, òî åñòü òàêèå, â êîòîðûõ êàæäûé
ýëåìåíò âûðàæàåòñÿ ÷åðåç îáðàçóþùèå åäèíñòâåííûì îáðàçîì. Â ÷àñòíîñòè, ýòî
îçíà÷àåò, ÷òî âåêòîðû a1, . . . , as ëèíåéíî íåçàâèñèìû è èõ ÷èñëî s ≤ n. Çàìåòèì,
÷òî ñèìïëèöèàëüíûé êîíóñ ÿâëÿåòñÿ çàîñòðåííûì, ò. å. èç òîãî, ÷òî x ∈ K è−x ∈ K,
ñëåäóåò, ÷òî x = 0.

Îáîçíà÷èì A = {α} ⊂ K � íåêîòîðîå ôèêñèðîâàíîå êîíå÷íîå ìíîæåñòâî òî÷åê
n-ìåðíîé öåëî÷èñëåííîé ðåøåòêè. Î÷åâèäíî, ÷òî âìåñòå ñ êàæäîé òî÷êîé x ∈ K,
êîíóñó ïðèíàäëåæàò è âñå òî÷êè x+ α, α ∈ A.

Ðàññìîòðèì ðàçíîñòíîå óðàâíåíèå âèäà∑
α∈A

cαf(x+ α) = 0, x ∈ K, (1)

ãäå cα−êîýôôèöèåíòû (ïîñòîÿííûå) óðàâíåíèÿ.

Îïðåäåëåíèå 2. Îïðåäåëèì îòíîøåíèå ÷àñòè÷íîãî ïîðÿäêà ≥K ìåæäó òî÷-
êàìè m è α ∈ Zn. À èìåííî, áóäåì ïèñàòü m≥K α, åñëè m+K ⊂ α +K.

È, êðîìå òîãî, îáîçíà÷èì m�K α, åñëè m ∈ K\{K+α}, ò. å. îòíîøåíèå m≥K α
íå âûïîëíÿåòñÿ.

Çàôèêñèðóåì m ∈ Np ∩ Zn è îáîçíà÷èì Km = {x ∈ K : x�Km}.
Ñôîðìóëèðóåì çàäà÷ó. Íàéòè ðåøåíèå óðàâíåíèÿ (1), ñîâïàäàþùåå íà Km ñ

çàäàííîé ôóíêöèåé ϕ:
f(x) = ϕ(x), x ∈ Km. (2)

Çàäà÷à Êîøè äëÿ ìíîãîìåðíûõ ðàçíîñòíûõ óðàâíåíèé ðàññìàòðèâàëàñü â ðàáî-
òå [1] â ñâÿçè ñ ïðèìåíåíèåì â êîìáèíàòîðíîì àíàëèçå. Â ýòîé ðàáîòå, â ÷àñòíîñòè,
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ïðèâåäåíû óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çà-
äà÷è Êîøè.

Â ðàáîòå [2] ýòè óñëîâèÿ ñôîðìóëèðîâàíû ñ èñïîëüçîâàíèåì ïîíÿòèÿ ìíîãîãðàí-
íèêà Íüþòîíà, êðîìå òîãî, ïðèâåäåíà ôîðìóëà, âûðàæàþùàÿ ðåøåíèå çàäà÷è Êîøè
÷åðåç ôóíäàìåíòàëüíîå ðåøåíèå ðàçíîñòíîãî îïåðàòîðà.

Äëÿ ôîðìóëèðîâêè òåîðåìû î ðàçðåøèìîñòè çàäà÷è (1)�(2) è ôîðìóëû äëÿ åå
ðåøåíèÿ íàì ïîòðåáóþòñÿ íåêîòîðûå ïîíÿòèÿ è ðåçóëüòàòû òåîðèè àìåá àëãåáðàè-
÷åñêèõ ãèïåðïîâåðõíîñòåé (ñì. [3]).

Îïðåäåëåíèå 3. Õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì äëÿ ðàçíîñòíîãî óðàâíå-
íèÿ (1) íàçîâåì ìíîãî÷ëåí Ëîðàíà

∑
α∈A cαz

α =: P (z), ãäå zα = zα1
1 . . . zαnn , z =

(z1, . . . , zn) ∈ Cn, à Cn− n-ìåðíîå êîìïëåêñíîå ïðîñòðàíñòâî.

Îïðåäåëåíèå 4. Ìíîãîãðàííèêîì Íüþòîíà Np ìíîãî÷ëåíà P íàçûâàåòñÿ âû-
ïóêëàÿ îáîëî÷êà â Rn ýëåìåíòîâ ìíîæåñòâà A.

Îïðåäåëåíèå 5. Àìåáîé àëãåáðàè÷åñêîé ïîâåðõíîñòè íàçûâàåòñÿ îáðàç ìíî-
æåñòâà íóëåé V ìíîãî÷ëåíà P (z) ïðè îòîáðàæåíèè

Log : z = (z1, . . . , zn)→ (log(|z1|), . . . , log(|zn|)) = Log|z|.

Åñëè m− âåðøèíà ìíîãîãðàííèêà Íüþòîíà NP ìíîãî÷ëåíà Ëîðàíà P (z), òî îáî-
çíà÷èì ñîîòâåòñòâóþùóþ íåïóñòóþ ñâÿçíóþ êîìïîíåíòó äîïîëíåíèÿ àìåáû Rn\AP
÷åðåç Em.

Îïðåäåëåíèå 6. Äâîéñòâåííûé êîíóñ Cm ê âåðøèíå m ìíîãîãðàííèêà NP

îïðåäåëÿåòñÿ ñëåäóùèì îáðàçîì

Cm = {s ∈ Rn : max
x∈NP
〈s, x〉 = 〈s,m〉}.

Îòìåòèì, ÷òî îí ÿâëÿåòñÿ àñèìïòîòè÷åñêèì, ò. å. âìåñòå ñ êàæäîé òî÷êîé u ∈ Em

ýòîé êîìïîíåíòå ïðèíàäëåæèò è ñäâèã àñèìïòîòè÷åñêîãî êîíóñà u+Cm ⊂ Em. Êðîìå
òîãî, îòìåòèì, ÷òî â îáëàñòè Log−1Em ⊂ Cn ôóíêöèÿ 1/P (z) ðàçëàãàåòñÿ â ðÿä
Ëîðàíà âèäà

1/P (z) =
∑

x∈Λm+m

Pm(x)/zx, (3)

ãäå Λm− êîíóñ, ïîñòðîåííûé íà âåêòîðàõm−α, α ∈ A, à Pm(x)− ôóíäàìåíòàëüíîå
ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåå âåðøèíå m ìíîãîãðàííèêà NP .

Îïðåäåëåíèå 7. Çàìåòèì, ÷òî ôóíäàìåíòàëüíûì íàçûâàåòñÿ âñÿêîå ðåøå-
íèå P(x) ðàçíîñòíîãî óðàâíåíèÿ òàêîå, ÷òî∑

α∈A

cαP(x+ α) = δ0(x), x ∈ Zn, (4)

ãäå

δ0(x) =

{
0,

1,

åñëè x 6= 0,

åñëè x = 0.
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Êîýôôèöèåíòû Pm(x) ðàçëîæåíèÿ (3) ìîæíî ïîëó÷èòü ñëåäóþùèì îáðàçîì:

1

P (z)
=

1

cmzm +
∑

α 6=m cαz
α

=
1

cmzm(1−
∑

α 6=m c̃αz
α−m)

=

=
1

cmzm

∞∑
k=0

(
∑
α 6=m

c̃αz
α−m)k =

∑
x∈Λm+m

Pm(x)

zx
.

Ïðîäîëæèì ôóíêöèþ ϕ, çàäàþùóþ íà÷àëüíûå äàííûå çàäà÷è Êîøè íà ìíîæå-
ñòâå Km íà Zn\Km íóëåì, à èìåííî, ïîëîæèì

ϕ̃(x) =

{
ϕ(x),

0,

åñëè x ∈ Km,

åñëè x /∈ Km.

è, çàòåì, îïðåäåëèì ôóíêöèþ µ ñëåäóþùèì îáðàçîì:

µ(x) =
∑
α∈A

cαϕ̃(x+ α), x ∈ Zn.

Ïóñòü S = {x ∈ Zn : ∃α ∈ A òàêîå, ÷òî x+ α ∈ Km}, à SK = S ∩K è ŜK = S \ SK .
Äàëåå îïðåäåëèì ôóíêöèþ

µ̃(x) =

{
µ(x),

0,

x ∈ ŜK ,
x /∈ ŜK ,

è îáîçíà÷èì SuppP = {x ∈ Zn : P(x) 6= 0}− íîñèòåëü ôóíêöèè P . Íåòðóäíî
óáåäèòüñÿ, ÷òî SuppPm ⊂ Λm. Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò, îáîáùàþùèé
ñîîòâåòñòâóþùåå óòâåðæäåíèå èç [2].

Òåîðåìà 1. Ïóñòü K− ñèìïëèöèàëüíûé êîíóñ è m− âåðøèíà ìíîãîãðàííèêà
Íüþòîíà Np, óäîâëåòâîðÿþùàÿ óñëîâèþ m≥K α, α ∈ A. Òîãäà çàäà÷à Êîøè (1)
� (2) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæíî íàéòè ïî ôîðìóëå

f(x) =
∑
y∈ŜK

µ̃(y)Pm(x− y), (5)

â ïðàâîé ÷àñòè êîòîðîé ÷èñëî ñëàãàåìûõ êîíå÷íî.
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Â ðàáîòå ðàññìàòðèâàåòñÿ êîíòàêòíàÿ çàäà÷à äëÿ óïðóãîãî ñïëîøíîãî èçîòðîï-
íîãî ëèñòà â âèäå òîíêîé îäíîðîäíîé ñîñòàâíîé (êóñî÷íî-îäíîðîäíîé) áåñêîíå÷íîé
ïëàñòèíû ìàëîé ïîñòîÿííîé òîëùèíû h, ñîñòîÿùåé èç äâóõ ñöåïëåííûõ ìåæäó ñî-
áîé âäîëü îáùåé ïðÿìîëèíåéíîé ãðàíèöû ïîëóáåñêîíå÷íûõ ïëàñòèí ñ ðàçëè÷íûìè
óïðóãèìè ñâîéñòâàìè, íà ëèíèè y = a (a > 0) ñâîåé âåðõíåé ïîâåðõíîñòè óñè-
ëåííîé óïðóãèì êóñî÷íî-îäíîðîäíûì áåñêîíå÷íûì ñòðèíãåðîì ñ äîñòàòî÷íî ìàëûì
ïîñòîÿííûì ïðÿìîóãîëüíûì ïîïåðå÷íûì ñå÷åíèåì. Ïðåäïîëàãàåòñÿ, ÷òî ñòðèíãåð
íåïðåðûâíî ïðèêëååí ïî âñåé ñâîåé äëèíå è øèðèíå ê âåðõíåé ïîëóáåñêîíå÷íîé
ïëàñòèíå, ïàðàëëåëåí ëèíèè ðàçíîðîäíîñòè óêàçàííûõ ïîëóáåñêîíå÷íûõ ïëàñòèí,
èìååò îòëè÷íûå îò íèõ óïðóãèå ñâîéñòâà, à êîíòàêò ìåæäó íèìè îñóùåñòâëÿåòñÿ
÷åðåç òîíêèé ñëîé êëåÿ ñ äîñòàòî÷íî ìàëîé ïîñòîÿííîé òîëùèíîé hk, ìàëîé øèðè-
íîé dk è ìîäóëåì ñäâèãà Gk. Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè çàêîíà ðàñïðåäåëå-
íèÿ èíòåíñèâíîñòè òàíãåíöèàëüíûõ êîíòàêòíûõ óñèëèé, äåéñòâóþùèõ âäîëü ëèíèè
êðåïëåíèÿ áåñêîíå÷íîãî ñòðèíãåðà ñ ñîñòàâíîé ïëàñòèíîé, êîãäà êîíòàêòèðóþùàÿ
òðîéêà (ïëàñòèíà-êëåé-ñòðèíãåð) äåôîðìèðóåòñÿ ñîíàïðàâëåííûìè è ñîñðåäîòî÷åí-
íûìè ñèëàìè

Pδ(x− b)δ(y − a) (b > 0) è Qδ(x+ c)δ(y − a) (c > 0)

ïðèëîæåííûìè íà ñòðèíãåð, è ðàâíîìåðíî ðàñïðåäåëåííûìè ãîðèçîíòàëüíûìè ðàñ-
òÿãèâàþùèìè íàïðÿæåíèÿìè ïîñòîÿííîé èíòåíñèâíîñòè σ0, äåéñòâóþùèìè íà áåñ-
êîíå÷íîñòè ñîñòàâíîé ïëàñòèíû. Îñü àáñöèññ ñîâïàäàåò ñ ëèíèåé ðàçäåëà ïîëóáåñêî-
íå÷íûõ ïëàñòèí. Â èññëåäóåìîé êîíòàêòíîé çàäà÷å îòíîñèòåëüíî ñòðèíãåðà ïðèíè-
ìàåòñÿ ìîäåëü îäíîîñíîãî íàïðÿæåííîãî ñîñòîÿíèÿ â ñî÷åòàíèè ñ ìîäåëüþ êîíòàêòà
ïî ëèíèè, òî åñòü ñ÷èòàåòñÿ, ÷òî òàíãåíöèàëüíûå êîíòàêòíûå óñèëèÿ ñîñðåäîòî÷åíû
âäîëü ñðåäíåé ëèíèè êîíòàêòíîãî ó÷àñòêà [1,2], äëÿ ñîñòàâíîé ïëàñòèíû ïðåäïîëàãà-
åòñÿ, ÷òî îíà íàõîäèòñÿ â óñëîâèÿõ îáîáùåííîãî ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ,
áëàãîäàðÿ ÷åìó îíà äåôîðìèðóåòñÿ êàê ïëîñêîñòü, à äëÿ ñëîÿ êëåÿ ïðèíèìàåòñÿ,
÷òî âî âðåìÿ äåôîðìàöèè êàæäûé äèôôåðåíöèàëüíûé ýëåìåíò íàõîäèòñÿ â ñîñòî-
ÿíèè ÷èñòîãî ñäâèãà [3]. Òîãäà, äèôôåðåíöèàëüíîå óðàâíåíèå ðàâíîâåñèÿ ýëåìåí-
òà óïðóãîãî êóñî÷íî-îäíîðîäíîãî áåñêîíå÷íîãî ñòðèíãåðà çàïèñàííîå â îáîáùåííûõ
ôóíêöèÿõ áóäåò èìåòü ñëåäóþùèé âèä:
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Us(x; a) = − 1

E
(1)
s F

(1)
s

∫ ∞
−∞

θ(s− x)τ
(1)
+ (s)ds− 1

E
(2)
s F

(2)
s

∫ ∞
−∞

θ(s− x)τ
(2)
− (s)ds+

+
Pθ(b− x)

E
(1)
s F

(1)
s

+
Qθ(−c− x)

E
(2)
s F

(2)
s

− X0θ(−x)

E
(1)
s F

(1)
s

+
X0θ(−x)

E
(2)
s F

(2)
s

+
σ0

E
(−∞ < x <∞). (1)

Ñ äðóãîé ñòîðîíû, äëÿ ãîðèçîíòàëüíîé äåôîðìàöèè âåðõíåé ïîëóáåñêîíå÷íîé
ïëàñòèíû, êîãäà íà ëèíèè y = a äåéñòâóþò òàíãåíöèàëüíûå êîíòàêòíûå óñèëèÿ ñ
èíòåíñèâíîñòüþ τ(x) (−∞ < x < ∞), à íà áåñêîíå÷íîñòè ðàâíîìåðíî ðàñïðåäå-
ëåííûå ãîðèçîíòàëüíûå ðàñòÿãèâàþùèå íàïðÿæåíèÿ ïîñòîÿííîé èíòåíñèâíîñòè σ0,
áóäåì èìåòü:

8µh

3− ν
U(x; a) =

1

π

∫ ∞
−∞

[
1

s− x
− d1(s− x)

(s− x)2 + 4a2
+

8d2a
2(s− x)[

(s− x)2 + 4a2
]2 +

+
2d3a

2(s− x)
[
(s− x)2 − 12a2

][
(s− x)2 + 4a2

]3 ]
τ(s)ds+

hl

E
σ0 (−∞ < x <∞). (2)

Çäåñü â ôîðìóëàõ (1) è (2) áûëè èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:

Us(x; a) = θ(x)
du

(1)
s (x; a)

dx
+ θ(−x)

du
(2)
s (x; a)

dx
;

U(x; a) = θ(x)
du(1)(x; a)

dx
+ θ(−x)

du(2)(x; a)

dx
,

τ
(1)
+ (x) = θ(x)τ (1)(x); τ

(2)
− (x) = θ(−x)τ (2)(x);

τ
(1)
+ (x) + τ

(2)
− (x) = τ(x) (−∞ < x <∞),

(E
(1)
s ;F

(1)
s ) è (E

(2)
s ;F

(2)
s )− ìîäóëè óïðóãîñòè è ïëîùàäè ïîïåðå÷íûõ ñå÷åíèé ïîëó-

áåñêîíå÷íûõ ñòðèíãåðîâ; ôóíêöèè dn = dn(µ1µ
−1; ν; ν1) (n = 1, 2, 3) õàðàêòåðèçóþò

óïðóãèå ñâîéñòâà ñîñòàâíîé ïëàñòèíû, ïðè÷åì (E;µ; ν) è (E1;µ1; ν1)− ìîäóëè óïðó-
ãîñòè, ìîäóëè ñäâèãà è êîýôôèöèåíòû Ïóàññîíà âåðõíåé è íèæíåé ïîëóáåñêîíå÷íûõ
ïëàñòèí;X0− íåèçâåñòíàÿ ïðîäîëüíàÿ ñèëà, âîçíèêàþùàÿ â ñå÷åíèè ñòðèíãåðà x = 0
è îïðåäåëÿþùàÿñÿ èç óñëîâèé ðàâíîâåñèÿ ñòðèíãåðîâ; θ(x) è δ(x)−ôóíêöèè Õåâè-
ñàéäà è Äèðàêà. Òåïåðü èìåÿ ââèäó, ÷òî ñëîé êëåÿ íàõîäèòñÿ â óñëîâèÿõ ÷èñòîãî
ñäâèãà, áóäåì èìåòü: Us(x; a)− U(x; a) =

=
hk
Gkdk

dτ(x)

dx
; τ(x) = dkτ(x; a) = dkGkγk(x; a) (−∞ < x <∞). (3)

Ïðèìåíèâ ê (1), (2) è (3) îáîáùåííîå äåéñòâèòåëüíîå èíòåãðàëüíîå ïðåîáðàçîâà-
íèå Ôóðüå è ñîïîñòàâèâ ïîëó÷åííûå ðåçóëüòàòû îòíîñèòåëüíî òðàíñôîðìàíòîâ Ôó-
ðüå ôóíêöèé íåèçâåñòíûõ òàíãåíöèàëüíûõ êîíòàêòíûõ óñèëèé ñ èíòåíñèâíîñòÿìè
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τ
(1)
+ (x) è τ

(2)
− (x) (−∞ < x <∞), îêîí÷àòåëüíî ïîëó÷èì ñëåäóþùåå ôóíêöèîíàëüíîå

óðàâíåíèå:

H(σ)τ
(1)
+ (σ) + τ

(2)
− (σ) = f(σ) (−∞ < σ <∞). (4)

Çäåñü ÿäðî H(σ) è ñâîáîäíûé ÷ëåí f(σ) îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

H(σ) =
λ1 + |σ|+ ασ2 +B(|σ|)
λ2 + |σ|+ ασ2 +B(|σ|)

;α =
8µhhk

(3− ν)Gkdk
;

λn =
8µh

(3− ν)E
(n)
s F

(n)
s

(n = 1, 2), f(σ) =
λ1Pe

iσb + λ2Qe
−iσc + (λ2 − λ1)X0

λ2 + |σ|+ ασ2 +B(|σ|)
;

B(|σ|) = (−d1|σ|+ 2d2aσ
2 − d3a

2|σ|3)e−2a|σ|. (5)

Óñëîâèå ðàâíîâåñèÿ óïðóãîãî êóñî÷íî-îäíîðîäíîãî áåñêîíå÷íîãî ñòðèíãåðà èìååò
âèä:

τ(0) = P +Q+ P0 −Q0, (6)

ãäå P0 è Q0− òå ñèëû, êîòîðûå âîçíèêàþò â ñòðèíãåðå ïðè x→ +∞ è x→ −∞.
Ôóíêöèîíàëüíîå óðàâíåíèå (4) ïðè óñëîâèè (6) ìîæíî ðåøèòü ðàññìàòðèâàÿ åãî

êàê êðàåâóþ çàäà÷ó Ðèìàíà â òåîðèè àíàëèòè÷åñêèõ ôóíêöèé, ïîñêîëüêó ôóíêöèè

τ
(1)
+ (σ) è τ

(2)
− (σ) ÿâëÿþòñÿ ãðàíè÷íûìè çíà÷åíèÿìè àíàëèòè÷åñêèõ ôóíêöèé τ

(1)
+ (α) è

τ
(2)
− (α) (α = σ+iτ), ðåãóëÿðíûõ ñîîòâåòñòâåííî â âåðõíåé è íèæíåé ïîëóïëîñêîñòÿõ,
èëè åñëè ïðèìåíèòü ìåòîä Âèíåðà-Õîïôà. Îäíàêî çäåñü, ðåøåíèå óðàâíåíèÿ (4)
ñòðîèòñÿ ìåòîäîì, èçëîæåííûì â [2,4]. Ïîñêîëüêó τ(x) ñóììèðóåìàÿ ôóíêöèÿ íà

âñåé äåéñòâèòåëüíîé îñè, òî τ
(1)
+ (σ) è τ

(2)
− (σ) ñòðåìÿòñÿ ê íóëþ ïðè |σ| → ∞. Äàëåå,

ëåãêî âèäåòü, ÷òî H(σ) → 1 ïðè |σ| → ∞, òîãäà ÿäðî H(σ) ìîæíî ïðåäñòàâèòü â
âèäå îòíîøåíèÿ:

H(σ) =
1 +K+(σ)

1 +K−(σ)
(−∞ < σ <∞), (7)

ãäå K±(σ)− ãðàíè÷íûå çíà÷åíèÿ àíàëèòè÷åñêèõ ôóíêöèé K±(α), ðåãóëÿðíûõ è íå
èìåþùèõ íóëåé â âåðõíåé Imα > 0 è íèæíåé Imα < 0 ïîëóïëîñêîñòÿõ, ïðè÷åì:

K±(σ) = exp{±F±(σ)}−1; lnH(σ) = F+(σ)+F−(σ); F (x) =
1

2π

∫ ∞
−∞

lnH(σ)e−iσxdσ,

F+(σ) =

∫ ∞
0

F (x)ei(σ+i0)xdx =

ln

√
H(σ) +

1

πi

∫ ∞
−∞

ln
√
H(s)ds

s− σ
; F−(σ) = F+(−σ). (8)

Òîãäà, èìåÿ ââèäó îòíîøåíèå (7), ôóíêöèîíàëüíîå óðàâíåíèå (4) çàïèøåòñÿ â âèäå:

[1 +K+(σ)]τ
(1)
+ (σ) + [1 +K−(σ)]τ

(2)
− (σ) = f(σ)[1 +K−(σ)] (−∞ < σ <∞). (9)

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó

f(σ)[1 +K−(σ)] ≡ ϕ(σ) = ϕ+(σ) + ϕ−(σ) (−∞ < σ <∞), (10)
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ϕ+(σ) =

∫ ∞
0

ϕ(x)ei(σ+i0)xdx; ϕ−(σ) =

∫ 0

−∞
ϕ(x)ei(σ−i0)xdx; ϕ(x) =

1

2π

∫ ∞
−∞
ϕ(σ)e−iσxdσ,

òî ðàâåíñòâî (9) óæå ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

L
(1)
+ (σ) ≡ [1 +K+(σ)]τ

(1)
+ (σ)− ϕ+(σ) = ϕ−(σ)− [1 +K−(σ)]τ

(2)
− (σ) ≡ L

(2)
− (σ). (11)

Ïðèìåíèâ ê (11) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì ðàâåíñòâî: L
(1)
+ (x) =

L
(2)
− (x) (−∞ < x <∞), êîòîðîå óêàçûâàåò, ÷òî L

(1)
+ (x) è L

(2)
− (x) ÿâëÿþòñÿ îáîáùåí-

íûìè ôóíêöèÿìè ñîñðåäîòî÷åííûìè â íóëå. Ñëåäîâàòåëüíî, èõ ìîæíî ïðåäñòàâèòü
â âèäå [2,4]:

L
(1)
+ (x) = L

(2)
− (x) =

n∑
k=0

akδ
(k)(x) (ak = const; −∞ < x <∞). (12)

Äàëåå ïðèìåíèâ ê (12) äåéñòâèòåëüíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó-
÷èì:

L
(1)
+ (σ) = L

(2)
− (σ) =

n∑
k=0

ak(−iσ)k (−∞ < σ <∞). (13)

Íî òàê êàê L
(1)
+ (σ) è L

(2)
− (σ) ñòðåìÿòñÿ ê íóëþ ïðè |σ| → ∞, òî èç (13) ñëåäóåò, ÷òî

ak = 0 (k = 0;n). Ýòî îçíà÷àåò, ÷òî L
(1)
+ (σ) ≡ L

(2)
− (σ) ≡ 0 äëÿ âñåõ −∞ < σ < ∞.

Òîãäà èç (11) ïîñëå ïðèìåíåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ïîëó÷èì èñêîìûå
âåëè÷èíû:

τ (1)(x) =
1

2π

∫ ∞
−∞

ϕ+(σ)

1 +K+(σ)
e−iσxdσ (0 < x <∞), (14)

τ (2)(x) =
1

2π

∫ ∞
−∞

ϕ−(σ)

1 +K−(σ)
e−iσxdσ (−∞ < x < 0). (15)

Òàêèì îáðàçîì ïîëó÷åíî çàìêíóòîå ðåøåíèå ðàññìàòðèâàåìîé êîíòàêòíîé çàäà÷è.

ËÈÒÅÐÀÒÓÐÀ

1. Ìóêè Ð., Ñòåðíáåðã Å. Ïåðåäà÷à íàãðóçêè îò ðàñòÿãèâàåìîãî ïîïåðå÷íîãî
ñòåðæíÿ ê ïîëóáåñêîíå÷íîé óïðóãîé ïëàñòèíå. // ÏÌ. Òðóäû Àìåð. Îáù.
Èíæ.-Ìåõ. Ñåð Å. 1968, Ò. 4, Ñ. 124-135.

2. Ãðèãîðÿí Ý.Õ. Ïåðåäà÷à íàãðóçêè îò êóñî÷íî-îäíîðîäíîé áåñêîíå÷íîé íàêëàä-
êè ê óïðóãîé ïîëóïëîñêîñòè. // Ó÷. çàïèñêè ÅÃÓ, Ò. 3, 1979, Ñ. 29�34.

3. Benthem J.P. On the di�usion of a load from a semi-in�nite stringer bounded to
a sheet. // Contr. Th. Airer. Struct. 1972, P. 117�134.

4. Êðåéí Ñ.Ã. Ëèíåéíûå óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå. Ì.: Íàóêà, 1971.



4th Russian-Armenian workshop: abstracts 55

ÓÄÊ 517.958

ÀÄÈÀÁÀÒÈ×ÅÑÊÈÉ ÏÐÈÍÖÈÏ Â ÀÁÅËÅÂÎÉ ÌÎÄÅËÈ ÕÈÃÃÑÀ

ADIABATIC PRINCIPLE IN THE ABELIAN HIGGS MODEL

Ð.Â.Ïàëüâåëåâ1

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À.Ñòåêëîâà ÐÀÍ, Ìîñêâà
palvelev@mi.ras.ru

(2 + 1)-Ìåðíàÿ àáåëåâà ìîäåëü Õèããñà âîçíèêàåò â òåîðèè ñâåðõïðîâîäèìîñòè.
Îíà óïðàâëÿåòñÿ ôóíêöèîíàëîì äåéñòâèÿ Ãèíçáóðãà�Ëàíäàó

S(A,Φ) =

∫ T0

0

(T (A,Φ)− U(A,Φ)) dt (1)

íà ïðîñòðàíñòâå R1+2 ñ êîîðäèíàòàìè (x0 = t, x1, x2). Äåéñòâèå S(A,Φ) çàâèñèò
îò ïåðåìåííûõ A è Φ, ãäå A åñòü U(1)-ñâÿçíîñòü íà R1+2, çàäàâàåìàÿ 1-ôîðìîé
A = A0dt + A1dx1 + A2dx2 =: A0 + Aíà R1+2 ñ ãëàäêèìè ÷èñòî ìíèìûìè êîýôôè-
öèåíòàìè Aµ = Aµ(t, x1, x2), µ = 0, 1, 2. Ïåðåìåííàÿ Φ åñòü ïîëå Õèããñà, çàäàâàåìîå
ãëàäêîé êîìïëåêñíîçíà÷íîé ôóíêöèåé Φ = Φ(t, x1, x2) = Φ1 + iΦ2 íà R1+2. Ôèçè÷å-
ñêè, ìîæíî ïðåäñòàâëÿòü ñåáå A êàê âåêòîð-ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ, à Φ
êàê âçàèìîäåéñòâóþùåå ñ íèì ñêàëÿðíîå ïîëå (â òåîðèè ñâåðõïðîâîäèìîñòè ïîëå Φ
ïðåäñòàâëÿåò ñîáîé âîëíîâóþ ôóíêöèþ ïàð Êóïåðà � íîñèòåëåé ñâåðõïðîâîäÿùåãî
òîêà).

Ïîòåíöèàëüíàÿ ýíåðãèÿ ìîäåëè U(A,Φ) îïðåäåëÿåòñÿ ôîðìóëîé

U(A,Φ) =
1

2

∫ {
|F12|2 + |∇A,1Φ|2 + |∇A,2Φ|2 +

1

4
(1− |Φ|2)2

}
dx1dx2,

à êèíåòè÷åñêàÿ ýíåðãèÿ T (A,Φ) � ôîðìóëîé

T (A,Φ) =
1

2

∫ {
|F01|2 + |F02|2 + |∇A,0Φ|2

}
dx1dx2.

Çäåñü Fij = ∂iAj − ∂jAi, ∇A,j = ∂j + Aj, ∂j := ∂/∂xj , i, j = 0, 1, 2.
Ïîä÷åðêíåì, ÷òî ïîòåíöèàëüíàÿ ýíåðãèÿ U(A,Φ) çàâèñèò òîëüêî îò ïðîñòðàí-

ñòâåííûõ êîìïîíåíò ïîòåíöèàëà A, òàê ÷òî U(A,Φ) = U(A,Φ).
Â äàëüíåéøåì ïðåäïîëàãàåòñÿ, ÷òî ïîòåíöèàëüíàÿ ýíåðãèÿ ñèñòåìû U(A,Φ) êî-

íå÷íà. Ââèäó ýòîãî åñòåñòâåííî íàëîæèòü íà ïîëå Φ óñëîâèå ñóùåñòâîâàíèÿ ðàâ-
íîìåðíîãî ïðåäåëà |Φ|, ðàâíîãî 1, â ïðîñòðàíñòâåííîé áåñêîíå÷íîñòè: |Φ| → 1 ïðè

|x| :=
√
x2

1 + x2
2 → 1. Ïðè ýòîì óñëîâèè îòîáðàæåíèå, çàäàâàåìîå îãðàíè÷åíèåì Φ

íà ïëîñêîñòü ïåðåìåííûõ (x1, x2) ∈ R2, ïåðåâîäèò îêðóæíîñòè S1
R ⊂ R2 äîñòàòî÷íî

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 10-01-00178-à è Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âå-
äóùèõ íàó÷íûõ øêîë (ÍØ-2928.2012.1).
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áîëüøîãî ðàäèóñà R â òîïîëîãè÷åñêèå îêðóæíîñòè è ïîòîìó îáëàäàåò öåëî÷èñëåí-
íûì òîïîëîãè÷åñêèì èíäåêñîì (ñòåïåíüþ). Ýòîò èíäåêñ íàçûâàåòñÿ èíà÷å ÷èñëîì
âðàùåíèÿ èëè âèõðåâûì ÷èñëîì.

Óðàâíåíèÿ Ãèíçáóðãà�Ëàíäàó åñòü óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà äëÿ äåéñòâèÿ
Ãèíçáóðãà�Ëàíäàó S(A,Φ), çàäàâàåìîãî ôîðìóëîé (1). Îíè èìåþò ñëåäóþùèé âèä:

∂1F01 + ∂2F02 = −i Im(Φ̄∇A,0Φ)

∂0F0j +
2∑

k=1

εjk∂kF12 = −i Im(Φ̄∇A,jΦ), j = 1, 2

(∇2
A,0 −∇2

A,1 −∇2
A,2)Φ =

1

2
Φ(1− |Φ|2),

(2)

ãäå ε12 = −ε21 = 1, ε11 = ε22 = 0.
Óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà (2), òàê æå êàê äåéñòâèå (1), èíâàðèàíòíû îòíî-

ñèòåëüíî êàëèáðîâî÷íûõ ïðåîáðàçîâàíèé, çàäàâàåìûõ ïîñðåäñòâîì

Aµ 7−→ Aµ + i∂µχ, Φ 7−→ e−iχΦ, µ = 0, 1, 2,

ãäå χ � ãëàäêàÿ âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ íà R1+2.
Äëÿ äàëüíåéøåãî óäîáíî ââåñòè íà ïëîñêîñòè R2

x1,x2
êîìïëåêñíóþ êîîðäèíàòó

z = x1 + ix2, îòîæäåñòâëÿÿ òåì ñàìûì åå ñ êîìïëåêñíîé ïëîñêîñòüþ C.
Ñòàòè÷åñêèå ðåøåíèÿ ìîäåëè � ýòî ðåøåíèÿ, äëÿ êîòîðûõ A0 = 0, à A1, A2,Φ íå

çàâèñÿò îò âðåìåíè. Âñå òàêèå ðåøåíèÿ áûëè ïîëíîñòüþ îïèñàíû Òàóáñîì (ñì. [1]).
À èìåííî, åñëè N� öåëîå íåîòðèöàòåëüíîå ÷èñëî è çàäàíû N òî÷åê Z1, Z2, . . . ZN
íãà êîìïëåêñíîé ïëîñêîñòè C, òî ñóùåñòâóåò åäèíñòâåííîå ñ òî÷íîñòüþ äî ñòàòè-
÷åñêèõ (ñ ôóíêöèåé χ, íå çàâèñÿùåé îò âðåìåíè) êàëèáðîâî÷íûõ ïðåîáðàçîâàíèé
ðåøåíèå (A1, A2,Φ), äëÿ êîòîðîãî íóëè Φ � ýòî â òî÷íîñòè Z1, Z2, . . . ZN ñ ó÷åòîì
êðàòíîñòè, è âèõðåâîå ÷èñëî êîòîðîãî ðàâíî N (N -âèõðåâîå ðåøåíèå èëè N -âèõðü).
Î íóëÿõ ïîëÿ Φ ãîâîðÿò êàê î öåíòðàõ âèõðåé. Òàêæå ñóùåñòâóåò åäèíñòâåííîå ñ
òî÷íîñòüþ äî ñòàòè÷åñêèõ êàëèáðîâî÷íûõ ïðåîáðàçîâàíèé ðåøåíèå ñ íóëÿìè Φ â
òî÷êàõ Z1, Z2, . . . ZN òàêîå, ÷òî åãî âèõðåâîå ÷èñëî ðàâíî −N (N -àíòèâèõðåâîå ðå-
øåíèå). Äðóãèõ ñòàòè÷åñêèõ ðåøåíèé ñ êîíå÷íîé ïîòåíöèàëüíîé ýíåðãèåé, êðîìå
îïèñàííûõ, íåò.

Èç ýòîé òåîðåìû âûòåêàåò, ÷òî ïðîñòðàíñòâî ìîäóëåé N -âèõðåé, îïðåäåëÿåìîå
êàê

MN =
{N -âèõðè (A,Φ)}

{ñòàòè÷åñêèå êàëèáðîâî÷íûå ïðåîáðàçîâàíèÿ}
, (3)

ìîæíî îòîæäåñòâèòü ñ N -é ñèììåòðè÷åñêîé ñòåïåíüþ êîìïëåêñíîé ïëîñêîñòè C:

MN = SymNC,

ò.å. ñ ïðîñòðàíñòâîì íåóïîðÿäî÷åííûõ íàáîðîâ èç N òî÷åê íà êîìïëåêñíîé ïëîñ-
êîñòè. Ïîñëåäíåå ïðîñòðàíñòâî ìîæíî îòîæäåñòâèòü ñ CN , ñîïîñòàâëÿÿ êàæäîìó
òàêîìó íàáîðó ïîëèíîì ñî ñòàðøèì êîýôôèöèåíòîì 1, èìåþùèé íóëè â çàäàííûõ
òî÷êàõ ñ ïðåäïèñàííûìè êðàòíîñòÿìè. Òåì ñàìûì ïðîñòðàíñòâî ìîäóëåé N -âèõðåé
ÿâëÿåòñÿ êîíå÷íîìåðíûì ãëàäêèì ìíîãîîáðàçèåì.
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Ôóíêöèîíàë T îïðåäåëÿåò íà ïðîñòðàíñòâå ìîäóëåéMN ãëàäêóþ ðèìàíîâó ìåò-
ðèêó, êîòîðàÿ íàçûâàåòñÿ êèíåòè÷åñêîé ìåòðèêîé (ïîäðîáíåå ñì. [2]).

Â îòëè÷èå îò ñòàòè÷åñêèõ, äèíàìè÷åñêèå ðåøåíèÿ àáåëåâîé (2+1)-ìåðíîé ìîäåëè
Õèããñà èçó÷åíû ìàëî, è âîïðîñ î ñêîëü-íèáóäü ïîëíîì èõ îïèñàíèè ïðåäñòàâëÿåòñÿ
î÷åíü ñëîæíîé çàäà÷åé. Â ñâÿçè ñ ýòèì èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû ïðèáëè-
æåííîãî îïèñàíèÿ ïîâåäåíèÿ äèíàìè÷åñêèõ ðåøåíèé.

Àäèàáàòè÷åñêèé ïðèíöèï óòâåðæäàåò, ÷òî ãåîäåçè÷åñêèå êèíåòè÷åñêîé ìåòðè-
êè íà MN ìîæíî ðàññìàòðèâàòü êàê ïðèáëèæåíèÿ ê äèíàìè÷åñêèì ðåøåíèÿì ñ
ìàëîé êèíåòè÷åñêîé ýíåðãèåé. Äîëãîå âðåìÿ ýòîò ïðèíöèï èñïîëüçîâàëñÿ ðàçëè÷-
íûìè àâòîðàìè êàê ýâðèñòè÷åñêèé. Èçó÷àÿ ãåîäåçè÷åñêèå íà ïðîñòðàíñòâå ìîäóëåé
N -âèõðåé, îíè ïîëó÷àëè êà÷åñòâåííûå ðåçóëüòàòû î äèíàìèêå âèõðåé. Îáîñíîâàíèå
ýòîãî ïðèíöèïà äëÿ àáåëåâîé (2+1)-ìåðíîé ìîäåëè Õèããñà áûëî íåäàâíî ïîëó÷åíî
àâòîðîì:

Òåîðåìà 1 [3]. Ïóñòü Q : [0;∞) → MN � ãåîäåçè÷åñêàÿ íà MN â íàòóðàëü-
íîì ïàðàìåòðå. Ñóùåñòâóþò

• ÷èñëî τ0 > 0;

• êðèâàÿ (α1, α2, φ)(τ), τ ∈ [0, τ0], èç ñòàòè÷åñêèõ N -âèõðåâûõ ðåøåíèé òàêàÿ,
÷òî ïðè êàæäîì τ ðåøåíèå (α1, α2, φ)(τ) ëåæèò â êëàññå Q(τ) ∈ MN , è
ãëàäêàÿ (ò.å. ôóíêöèè α1,2(τ, x, y) è φ(τ, x, y) ãëàäêèå);

• ïîëîæèòåëüíûå ÷èñëà ε0 è M

òàêèå, ÷òî äëÿ ëþáîãî ε ∈ (0; ε0) íà îòðåçêå t ∈
[
0;
τ0

ε

]
ñóùåñòâóåò ðåøåíèå

(A0, A1, A2,Φ) óðàâíåíèé Ýéëåðà-Ëàãðàíæà äèíàìè÷åñêîé çàäà÷è (2), îòêëîíåíèå
êîòîðîãî îò êðèâîé (α1, α2, φ)(εt) èìååò ïîðÿäîê ε2. Áîëåå òî÷íî, ðåøåíèå èìååò
âèä

A0(t, x, y) = ε3aε0(t, x, y), A1(t, x, y) = α1(εt;x, y) + ε2aε1(t, x, y),

A2(t, x, y) = α2(εt;x, y) + ε2aε2(t, x, y), Φ(t, x, y) = φ(εt;x, y) + ε2ϕε(t, x, y),

ãäå ïîïðàâêè aε0, a
ε
1, a

ε
2, ϕ

ε îãðàíè÷åíû íåçàâèñèìî îò ε:

∀t ∈
[
0;
τ0

ε

]
‖aε0,1,2(t)‖3, ‖ϕε1,2(t)‖3 6M ;

çäåñü ϕε1 = Reϕε, ϕε2 = Imϕε2, ‖ · ‖3 îáîçíà÷àåò íîðìó â ïðîñòðàíñòâå Ñîáîëåâà
H3(R2,R).

ËÈÒÅÐÀÒÓÐÀ
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ÒÅÎÐÅÌÛ Î ÂÛ×ÅÒÀÕ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÎÂ ÏÐÈÌÀ
ËÞÁÎÃÎ ÏÎÐßÄÊÀ

RESIDUE THEOREMS FOR PRYM DIFFERENTIALS OF ANY ORDER

Ò.À.Ïóøêàð¼âà1

Ãîðíî-Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ãîðíî-Àëòàéñê
pushkareva.tanya@gmail.com

Òåîðåìà î ïîëíîé ñóììå âû÷åòîâ äëÿ àáåëåâà 1-äèôôåðåíöèàëà íà êîìïàêò-
íîé ðèìàíîâîé ïîâåðõíîñòè èãðàåò áîëüøóþ ðîëü â òåîðèè ôóíêöèé. Âû÷åòû äëÿ
äèôôåðåíöèàëîâ Ïðèìà ìîæíî îïðåäåëÿòü òîëüêî äëÿ âåòâåé òàêèõ ìíîãîçíà÷íûõ
äèôôåðåíöèàëîâ. Â äàííîé ðàáîòå âïåðâûå áóäóò äîêàçàíû òåîðåìû î ïîëíîé ñóì-
ìå âû÷åòîâ äëÿ äèôôåðåíöèàëîâ Ïðèìà ëþáîãî ïîðÿäêà íà ïåðåìåííîé êîìïàêòíîé
ðèìàíîâîé ïîâåðõíîñòè ñ ëþáûìè ïåðåìåííûìè õàðàêòåðàìè.

Ïóñòü F áóäåò ôèêñèðîâàííàÿ êîìïàêòíàÿ îðèåíòèðîâàííàÿ ïîâåðõíîñòü ðîäà
g ≥ 2, ñ îòìå÷àíèåì {ak, bk}gk=1, ò. å. íàáîðîì îáðàçóþùèõ äëÿ π1(F ); F0 � ôèê-
ñèðîâàííàÿ êîìïëåêñíî-àíàëèòè÷åñêàÿ ñòðóêòóðà íà F. Ëþáàÿ äðóãàÿ êîìïëåêñíî-
àíàëèòè÷åñêàÿ ñòðóêòóðà íà F çàäàåòñÿ íåêîòîðûì äèôôåðåíöèàëîì Áåëüòðàìè µ
íà F0, ò. å. âûðàæåíèåì âèäà µ(z)dz/dz, êîòîðîå èíâàðèàíòíî îòíîñèòåëüíî âû-
áîðà ëîêàëüíîãî ïàðàìåòðà íà F0, µ(z) � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ íà F0 è
‖µ‖L∞(F0) < 1. Ýòó ñòðóêòóðó íà F áóäåì îáîçíà÷àòü ÷åðåç Fµ. Õàðàêòåðîì ρ äëÿ
Fµ íàçûâàåòñÿ ëþáîé ãîìîìîðôèçì

ρ : (π1(Fµ), ·)→ (C∗, ·), C∗ = C \ {0}.

Òåîðåìà 1. (î ïîëíîé ñóììå âû÷åòîâ äëÿ 1−äèôôåðåíöèàëà Ïðèìà). Äëÿ ëþ-
áîãî 1-äèôôåðåíöèàëà Ïðèìà ω ñ ëþáûìè õàðàêòåðîì ρ è ïîëÿðíûì äèâèçîðîì

(ω)∞ = P α1
1 . . . P αm

m , αj > 0, j = 1, . . . ,m,

ñ ïîïàðíî ðàçëè÷íûìè òî÷êàìè P1, . . . , Pm,m ≥ 2, íà ïåðåìåííîé êîìïàêòíîé ðè-
ìàíîâîé ïîâåðõíîñòè Fµ ðîäà g ≥ 2 âåðíî ðàâåíñòâî

m∑
j=1

resPjωf = 0,

ãäå 1) åñëè ρ - íåñóùåñòâåííûé õàðàêòåð, òî f � ìóëüòèïëèêàòèâíàÿ åäèíèöà
äëÿ ρ−1;

2) åñëè ρ � ñóùåñòâåííûé õàðàêòåð, òî f - åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî
óìíîæåíèÿ íà íåíóëåâóþ êîíñòàíòó, ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ äëÿ ρ−1 ñ
åäèíñòâåííûì ïðîñòûì ïîëþñîì P1 íà Fµ.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 12-01-90800-ìîë_ðô_íð.
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Òåîðåìà 2. (î ïîëíîé ñóììå âû÷åòîâ äëÿ (ρ, q)−äèôôåðåíöèàëà). Äëÿ ëþáîãî
(ρ, q)−äèôôåðåíöèàëà τ ñ ëþáûìè õàðàêòåðîì ρ è ïîëÿðíûì äèâèçîðîì

(τ)∞ = Qα1
1 . . . Qαs

s

ñ ïîïàðíî ðàçëè÷íûìè òî÷êàìè Q1, . . . , Qs, s ≥ 2, è ëþáîãî öåëîãî ÷èñëà q 6= 0, 1 íà
ïåðåìåííîé êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè Fµ ðîäà g ≥ 2 âåðíî ðàâåíñòâî

s∑
j=1

resQj
τf

ωq−1
0

+

g+1∑
j=1

resSj
τf

ωq−1
0

= 0,

ãäå 1) åñëè ρ � ñóùåñòâåííûé õàðàêòåð, òî f - åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî
óìíîæåíèÿ íà íåíóëåâóþ êîíñòàíòó, ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ äëÿ ρ−1 ñ
åäèíñòâåííûì ïðîñòûì ïîëþñîì â Q1 íà Fµ;

2) åñëè ρ � íåñóùåñòâåííûé õàðàêòåð, òî f - ìóëüòèïëèêàòèâíàÿ åäèíèöà
äëÿ ρ−1 íà Fµ.

Ïðè÷¼ì, â îáîèõ ñëó÷àÿõ, ω0 � àáåëåâ äèôôåðåíöèàë, ñ óñëîâèåì

(ω0) = S1...SgS
g−2
g+1 , ϕSg+1

(S1...Sg) = −2K

â ìíîãîîáðàçèè ßêîáè J(Fµ), è {S1, ..., Sg, Sg+1} ∩ {Q1, ..., Qs} = ∅ íà Fµ.

Èç ýòèõ òåîðåì, êàê ñëåäñòâèå, ïîëó÷àþòñÿ: çàêîíû âçàèìíîñòè äëÿ ôóíêöèé è
äèôôåðåíöèàëîâ Ïðèìà, íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ äèô-
ôåðåíöèàëà Ïðèìà ëþáîãî ïîðÿäêà ñ çàäàííûìè ïðîñòûìè ïîëþñàìè è âû÷åòàìè
â íèõ äëÿ âåòâè ýòîãî äèôôåðåíöèàëà, à òàêæå òåîðåìû î ðàçëîæåíèè ïðîèçâîëü-
íîãî ìåðîìîðôíîãî äèôôåðåíöèàëà Ïðèìà â ñóììó ýëåìåíòàðíûõ è àíàëîã ôîðìó-
ëû ðàçëîæåíèÿ Ï.Àïïåëÿ äëÿ ìóëüòèïëèêàòèâíûõ ôóíêöèé â ñóììó ýëåìåíòàðíûõ
èíòåãðàëîâ Ïðèìà ñ ëþáûì õàðàêòåðîì íà ïåðåìåííîé êîìïàêòíîé ðèìàíîâîé ïî-
âåðõíîñòè.
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ÐÀÇÍÎÑÒÍÛÉ ÀÍÀËÎÃ ÎÄÍÎÉ ÒÅÎÐÅÌÛ ÕÅÐÌÀÍÄÅÐÀ

THE DIFFERENCE ANALOG OF H�ORMANDER'S THEOREM

Ì.Ñ.Ðîãîçèíà1

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
rogozina.marina@mail.ru

Ñôîðìóëèðóåì òåîðåìó, ïîëó÷åííóþ Ë. Õåðìàíäåðîì â ñâÿçè ñ èññëåäîâàíèåì
çàäà÷è Êîøè äëÿ ïîëèíîìèàëüíîãî äèôôåðåíöèàëüíîãî îïåðàòîðà P (D) = Dβ +∑
|α|6m,α 6=β

cαD
α, ãäå D = (D1, ..., Dn), Dj = ∂

∂zj
, j = 1, 2, ..., n, êîýôôèöèåíòû cα �

àíàëèòè÷åñêèå ôóíêöèè îò z = (z1, ..., zn) â îêðåñòíîñòè íóëÿ â ïðîñòðàíñòâå Cn.

Òåîðåìà 1 (Õåðìàíäåð Ë. [1]). Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

P (D)u = h (1)
ñ êðàåâûìè óñëîâèÿìè

Dk
j (u− Φ) = 0 ïðè zj = 0, åñëè 0 6 k < β, è j = 1, . . . , n. (2)

Åñëè
∑
|α|=|β|

|cα(0)| ìåíüøå íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà, çàâèñÿùåãî òîëüêî

îò |β|, òî òîãäà äëÿ ëþáûõ ôóíêöèé h è Φ, àíàëèòè÷åñêèõ â îêðåñòíîñòè íóëÿ,
êðàåâàÿ çàäà÷à (1)-(2) èìååò, è ïðèòîì åäèíñòâåííîå, àíàëèòè÷åñêîå â îêðåñò-
íîñòè íóëÿ ðåøåíèå u.

Îòìåòèì, ÷òî òåîðåìà Êîøè-Êîâàëåâñêîé ïîëó÷àåòñÿ èç òåîðåìû Õåðìàíäå-
ðà, åñëè β = (m, 0, . . . , 0)è cβ 6= 0, à òåîðåìà Äàðáó-Ãóðñà-Áîäî ïðè β =
(m− 1, β2, β3, . . . , βn), c(m, 0, ..., 0) = 0, c(m−1, β2, ..., βn) 6= 0.

Ïðèâåäåì ðàçíîñòíûé àíàëîã çàäà÷è (1) � (2).
Îáîçíà÷èì Zn = Z× . . .×Z � n-ìåðíóþ öåëî÷èñëåííóþ ðåøåòêó è Zn+ � ïîäìíî-

æåñòâî ýòîé ðåøåòêè, ñîñòîÿùåå èç òî÷åê ñ öåëûìè íåîòðèöàòåëüíûìè êîîðäèíàòà-
ìè. Ïóñòü δj � îïåðàòîð ñäâèãà ïî ïåðåìåííîé xj, òî åñòü δjf(x1, . . . , xj, . . . , xn) =
f(x1, . . . , xj−1, xj + 1, xj+1, . . . , xn) è δ = (δ1, . . . , δn). Áóäåì ðàññìàòðèâàòü ïîëèíî-
ìèàëüíûé ðàçíîñòíûé îïåðàòîð âèäà

P (δ) =
∑
|α|6m

cαδ
α,

ãäå δα = δα1
1 . . . δαnn , êîíñòàíòû cα� êîýôôèöèåíòû îïåðàòîðà, m � ïîðÿäîê ðàçíîñò-

íîãî îïåðàòîð P (δ).
Äëÿ äâóõ òî÷åê x, y ∈ Zn íåðàâåíñòâî x > y îçíà÷àåò, ÷òî xi > yi äëÿ i =

1, . . . , n, à çàïèñü x � y îçíà÷àåò, ÷òî õîòÿ áû äëÿ îäíîãî i0 ∈ {1, . . . , n} xi0 < yi0.
Ôèêñèðóåì β òàêîå, ÷òî |β| = m è cβ 6= 0.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè �1.34.11
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Ðàçíîñòíûì àíàëîãîì çàäà÷è (1) � (2) ÿâëÿåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè ðå-
øåíèå ðàçíîñòíîãî óðàâíåíèÿ

P (δ)f(x) = g(x), x ∈ Zn+, (3)

óäîâëåòâîðÿþùåå óñëîâèþ

f(x) = ϕ(x), x ∈ Zn+, x � β. (4)

Çäåñü g(x) è ϕ(x) � çàäàííûå ôóíêöèè öåëî÷èñëåííûõ àðãóìåíòîâ.

Îïðåäåëåíèå 1. Ôóíäàìåíòàëüíûì ðåøåíèåì çàäà÷è (3) � (4) íàçûâàåò-
ñÿ ðåøåíèå Pβ óðàâíåíèÿ P (δ)Pβ = δ0(x), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì
Pβ(x) = 0 äëÿ x ∈ Zn+, x � β.

Çäåñü δ0(x) = 0, åñëè x 6= 0 è δ0(x) = 1, åñëè x = 0.

Òåîðåìà 2. Åñëè çàäà÷à (3) � (4) äëÿ ëþáûõ g(x) è ϕ(x) èìååò åäèíñòâåííîå
ðåøåíèå, òî åãî ìîæíî çàïèñàòü â âèäå

f(x) =
∑
y�0

(∑
α

cαϕ(y + α)

)
Pβ(x− y), (5)

ãäå Pβ � ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è (3) � (4).

Îòìåòèì, ÷òî ôîðìóëà (5) àíàëîãè÷íà ôîðìóëàì äëÿ ðåøåíèÿ çàäà÷è Êîøè,
ïîëó÷åííûì â [2], [3] ïðè äðóãèõ îãðàíè÷åíèÿõ íà ðàçíîñòíûé îïåðàòîð P (δ).

Òåîðåìà 3. (n = 2) Åñëè äëÿ êîýôôèöèåíòîâ ðàçíîñòíîãî îïåðàòîðà P (δ) âû-
ïîëíÿåòñÿ óñëîâèå

|cβ| >
∑

α 6=β, |α|=|β|

|cα| , (6)

òî òîãäà äëÿ ëþáûõ g(x) è ϕ(x) çàäà÷à (3) � (4) èìååò ðåøåíèå, è ïðèòîì åäèí-
ñòâåííîå.

Îïðåäåëåíèå 2 (ñì, íàïðèìåð, [4]). Àìåáîé àëãåáðàè÷åñêîé ãèïåðïîâåðõíîñòè
íàçûâàåòñÿ îáðàç ìíîæåñòâà íóëåé V ìíîãî÷ëåíà P (z) =

∑
α∈A

cαz
α ïðè îòîáðàæå-

íèè Log : z = (z1, . . . , zn)→ (log |z1| , . . . , log |zn|) = Log |z| .

Ìíîæåñòâî V , à çíà÷èò è LogV , çàìêíóòî, ïîýòîìó åãî äîïîëíåíèå îòêðûòî. Îíî
ñîñòîèò èç êîíå÷íîãî ÷èñëà ñâÿçíûõ âûïóêëûõ êîìïîíåíò.

Âûïîëíåíèå óñëîâèÿ (6) îçíà÷àåò, ÷òî êîìïîíåíòà äîïîëíåíèÿ àìåáû õà-
ðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà P (z), ñîîòâåòñòâóþùàÿ òî÷êå β ìíîãîãðàííèêà
Íüþòîíà, íå ïóñòà. Ýòî âàæíî äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè çàäà÷è (3) � (4)
(ñì., íàïðèìåð, [3]).
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Äëÿ äîêàçàòåëüñòâà òåîðåìû 3 îïðåäåëèì ìàòðèöó T∞, àññîöèèðîâàííóþ ñ ïî-
ëèíîìèàëüíûì ðàçíîñòíûì îïåðàòîðîì

P (δ1, δ2) = q0δ
α0
1 δ

β0
2 +

m∑
j=0, j 6=l

q−l+jδ
j
1δ
m−j
2 +

∑
α+β<m

cαβδ
α
1 δ

β
2 ,

à èìåííî:

T∞ =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

q0 q1 q2 · · · qk 0 · · ·
q−1 q0 q1

. . . ... qk
. . .

q−2 q−1
. . . . . . q2

... . . .
... . . . . . . . . . q1 q2

...

q−l · · · q−2 q−1 q0 q1
. . .

0 q−l · · · q−2 q−1 q0
. . .

... . . . . . . · · · . . . . . . . . .

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
Îòìåòèì, ÷òî T∞ � òåïëèöåâà ìàòðèöà, òî åñòü íà âñåõ äèàãîíàëÿõ ìàòðèöû,

ïàðàëëåëüíûõ ãëàâíîé äèàãîíàëè è íà ñàìîé ãëàâíîé äèàãîíàëè, ýëåìåíòû ìàòðèöû
îäèíàêîâû: aij = qi−j.

Äîêàçàòåëüñòâî òåîðåìû 3 ñâîäèòñÿ ê äîêàçàòåëüñòâó äâóõ ëåìì.

Ëåììà 1. Åñëè äëÿ ëþáîãî p âñå ãëàâíûå ìèíîðû Dp ïîðÿäêà p àññîöèèðîâàí-
íîé ìàòðèöû T∞ íå ðàâíû íóëþ: Dp 6= 0, p = 1, 2, . . . , òî çàäà÷à (3) � (4) èìååò
åäèíñòâåííîå ðåøåíèå.

Îïðåäåëåíèå 3 (ñì, íàïðèìåð, [5]). Ìàòðèöà ‖aij‖p×p íàçûâàåòñÿ ìàòðèöåé
ñ äèàãîíàëüíûì ïðåîáëàäàíèåì, åñëè

|aii| >
∑
j 6=i

|aij| .

Ëåììà 2. Ïðè âûïîëíåíèè óñëîâèÿ (5) àññîöèèðîâàííàÿ ìàòðèöà T∞ ÿâëÿåò-
ñÿ ìàòðèöåé ñ äèàãîíàëüíûì ïðåîáëàäàíèåì è, ñëåäîâàòåëüíî, äëÿ ëþáîãî p ãëàâ-
íûå ìèíîðû Dp 6= 0.

ËÈÒÅÐÀÒÓÐÀ

1. Õåðìàíäåð Ë. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ÷àñòíûìè ïðîèç-
âîäíûìè. Ì.: Ìèð, 1965. 381 ñ.

2. Ëåéíàðòàñ Å.Ê. Êðàòíûå ðÿäû Ëîðàíà è ôóíäàìåíòàëüíûå ðåøåíèÿ ëèíåé-
íûõ ðàçíîñòíûõ óðàâíåíèé // Ñèá. ìàòåì. æóðí. 48(2007) Ñ. 335�340.

3. Ðîãîçèíà Ì.Ñ. Óñòîé÷èâîñòü ìíîãîñëîéíûõ ðàçíîñòíûõ ñõåì è àìåáû àëãåá-
ðàè÷åñêèõ ãèïåðïîâåðõíîñòåé // Æóðíàë ÑÔÓ. Ìàòåìàòèêà è ôèçèêà. 2012.
Ò. 5, �2. Ñ. 256�263.

4. Forsberg Ì., Passare Ì., Tsikh À. Laurent determinants and arrangements of
hyperplane amoebas // Advances in Mathematics, 151(2000), �1, 45�70.

5. Øàðûé Ñ.Ï. Êóðñ âû÷èñëèòåëüíûõ ìåòîäîâ. Íîâîñèáèðñê, 2012. 315 ñ.
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ÓÄÊ 517.9

ÏÎÑÒÐÎÅÍÈÅ ÍÎÂÛÕ ÊËÀÑÑÎÂ ÐÅØÅÍÈÉ ÓÐÀÂÍÅÍÈß
ÌÈÍÈÌÀËÜÍÛÕ ÏÎÂÅÐÕÍÎÑÒÅÉ

CONSTRUCTION OF NEW CLASSES OF SOLUTIONS
TO THE MINIMAL SURFACE EQUATION

Ñ.È.Ñåíàøîâ1, Î.Í.×åðåïàíîâà

Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àê. Ì.Ô. Ðåøåòíåâà, Êðàñíîÿðñê

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
sen@mx1.sibsau.ru, cheronik@mail.ru

Ïîâåðõíîñòü, çàäàííàÿ óðàâíåíèåì z = u(x, y), íàçûâàåòñÿ ìèíèìàëüíîé ïîâåðõ-
íîñòüþ, åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ Ýéëåðà � Ëàãðàíæà

(1 + u2
x)uyy − 2uxuyuxy + (1 + u2

y)uxx = 0. (1)

Óðàâíåíèå (1) âûâåäåíî â 1768 ãîäó, è ñ òåõ ïîð åãî èññëåäîâàíèþ è ðåøåíèþ ïî-
ñâÿùåíî ìíîæåñòâî ðàáîò. Åãî èçó÷àëèÆ. Ëàãðàíæ, Ë. Ýéëåð, Ã. Ìîíæ, Ñ.Ïóàññîí,
Ñ. Ëè è äðóãèå èçâåñòíûå ìàòåìàòèêè. Óðàâíåíèå (1) ÷àñòî âîçíèêàåò ïðè èññëåäî-
âàíèè è ðåøåíèè çàäà÷ ìåõàíèêè æèäêîñòè, òåîðèè ïëàñòè÷íîñòè, â àðõèòåêòóðå è
ò.ï. Íåñìîòðÿ íà äîëãóþ èñòîðèþ äëÿ óðàâíåíèÿ (1) îñòàëîñü ìíîãî íå ðåøåííûõ
çàäà÷. Â ðàáîòå ïîñòðîåíû íîâûå òî÷íûå ðåøåíèÿ óðàâíåíèÿ (1).

Ðàññìîòðèì ïîâåðõíîñòü âèäà

z = u(x, y), (2)

êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ (1).
Ñ ïîìîùüþ êîíòàêòíîãî ïðåîáðàçîâàíèÿ Ëåæàíäðà

ux =ξ, uy = η, wξ = x, wη = y,

u(x, y) = xξ + yη − w(ξ, η)
(3)

óðàâíåíèå (1) ñâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ

(1 + ξ2)wξξ + 2ξηwξη + (1 + η2)uηη = 0, (4)

ïðè óñëîâèè, ÷òî ÿêîáèàí ïðåîáðàçîâàíèÿ

J = uxxuyy − u2
xy 6= 0. (5)

1Ðàáîòà âûïîëíåíà â ðàìêàõ ÔÖÏ ¾Íàó÷íûå è íàó÷íî - ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà 2009
- 2013 ãã.¿ (ïðîåêò �1121)
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Íåòðóäíî ïðîâåðèòü, ÷òî ïîâåðõíîñòè

u(x, y) = x tg y, (6)

u(x) = ln
cosx

cos y
, (7)

u(x, y) = arcch(x2 + y2), (8)

(ãåëèêîèä, ïîâåðõíîñòü Øåðêà, êàòåíîèä, ñîîòâåòñòâåííî) ÿâëÿþòñÿ ðåøåíèÿìè
óðàâíåíèÿ (1) è óäîâëåòâîðÿþò óñëîâèþ (5)

Ïðèìåíèì êîíòàêòíîå ïðåîáðàçîâàíèå Ëåæàíäðà (3) ê óðàâíåíèÿì (6) � (8).
Òîãäà óðàâíåíèÿ (6) � (8) ïðåîáðàçóþòñÿ ê âèäó

w(ξ, η) =η arctg ξ, (9)

w(ξ, η) =− ξ arctg ξ + η arctg η + ln

√
1 + ξ2√
1 + η2

, (10)

w(ξ, η) =

√
2 +

√
4 + (ξ2 + η2)2−

− ln

2 +
√

4 + (ξ2 + η2)2 +
√

2 +
√

4 + (ξ2 + η2)2

ξ2 + η2

 .

(11)

Îïðåäåëåíèå. Ïóñòü X è Y ñóòü òîïîëîãè÷åñêèå ïðîñòðàíñòâà. Ãîìîòîïèåé íà-
çûâàåòñÿ íåïðåðûâíîå îòîáðàæåíèå F : [0, 1]×X → Y .

Ïîñêîëüêó ñîîòíîøåíèÿ (9) � (11) óäîâëåòâîðÿþò ëèíåéíîìó óðàâíåíèþ (4), òî
èõ ãîìîòîïèÿ òàêæå áóäåò ÿâëÿòüñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ. Òîãäà

w1
í = a(ηarctgξ) + (1− a)

[
−ξarctgξ + η arctg η + ln

√
1 + ξ2√
1 + η2

]
, (12)

w2
í = a(ηarctgξ) + (1− a)

[√
2 +

√
4 + (ξ2 + η2)2−

− ln

 2 +
√

4 + (ξ2 + η2)2 +
√

2 +
√

4 + (ξ2 + η2)2

ξ2 + η2


 , (13)
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w3
í = a

[
−ξarctgξ + η arctg η + ln

√
1 + ξ2√
1 + η2

]
+

+(1− a)

[√
2 +

√
4 + (ξ2 + η2)2−

− ln

 2 +
√

4 + (ξ2 + η2)2 +
√

2 +
√

4 + (ξ2 + η2)2

ξ2 + η2


 ,

(14)

ãäå w1
í, w

2
í, w

3
í � íîâûå ðåøåíèÿ óðàâíåíèÿ (4), a � âåùåñòâåííûé ïàðàìåòð, óäîâëå-

òâîðÿþùèé íåðàâåíñòâó 0 6 a 6 1.
Ïðèìåíÿÿ ê óðàâíåíèÿì (12) � (14) îáðàòíîå êîíòàêòíîå ïðåîáðàçîâàíèå Ëå-

æàíäðà è ïðîâîäÿ âû÷èñëåíèÿ, ïîëó÷èì óðàâíåíèÿ, êîòîðûå îïèñûâàþò íîâûå êëàñ-
ñû ðåøåíèé óðàâíåíèÿ ìèíèìàëüíûõ ïîâåðõíîñòåé (1).

ËÈÒÅÐÀÒÓÐÀ

1. Îñåðìàí Ð. Ìèíèìàëüíûå ïîâåðõíîñòè. Ì.: ÓÌÍ, 1967. ò.22.â.4.Ñ.55-134

2. Ñåíàøîâ Ñ.È., ×åðåïàíîâà Î.Í. Ãîìîòîïèÿ ðåøåíèé óðàâíåíèÿ ìèíèìàëü-
íûõ ïîâåðõíîñòåé //Êðàñíîÿðñê Âåñòíèê ÑèáÃÀÓ. 1. âûï. âûï.2(23). Ñ. 84.
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ÓÄÊ 517. 95

ËÈÍÅÉÍÎÅ È ÍÅËÈÍÅÉÍÎÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
×ÅÒÂÅÐÒÎÃÎ ÏÎÐßÄÊÀ

LINEAR AND NONLINEAR DIFFERENTIAL EQUATIONS OF FOURTH ORDER

À.Ã.Ñîêîëîâà, Í.À.×óåøåâà

Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Êåìåðîâî
sanechka1112s@mail.ru, chuesheva@ngs.ru

Â ðàáîòå Ñ.Ë. Ñîáîëåâà [1] áûëà ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ìàëûõ êî-
ëåáàíèé èäåàëüíîé âðàùàþùåéñÿ æèäêîñòè, êîòîðàÿ îïèñûâàåòñÿ óðàâíåíèåì âèäà:

∂2

∂t2
4u+

∂2u

∂z2
= 0.

Ðàññìîòðèì îáëàñòü D = {(x, t) ∈ R2, x ∈ (0, 1), y ∈ (0, 1)} ñ êóñî÷íî-ãëàäêîé
ãðàíèöåé Γ. Ïóñòü â îáëàñòè D çàäàíî óðàâíåíèå

uyyxx − uxxx + uyyy + a1uxxy+

+ a2uyyx + a3uyy + a4uxx + a5uy + a6ux + a7u = f(x, y) (1)

ñ ãðàíè÷íûìè óñëîâèÿìè

u|Γ = 0, ux|x=0 = uy|y=0 = 0. (2)

Òåîðåìà 1 (ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè). Ïóñòü ïðàâàÿ ÷àñòü óðàâ-
íåíèÿ (1) ôóíêöèÿ f(x, t) ∈ L2(D). Ïóñòü ñóùåñòâóþò ïîñòîÿííûå
λ, µ, ε > 0, δ1, δ2, δ3, δ4 òàêèå, ÷òî äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1)
âûïîëíåíû óñëîâèÿ

1)
(
1− |λa1 + µa2 − λµ| ε2

)
≥ δ1 > 0;

2)
(
−3λ−µ2+µa1

2 − a4

)
≥ δ2 > 0;

3)
(

3µ−λ2+λa2
2 − a3

)
≥ δ3 > 0;

4)
(
a7 + µ2a3+λ3−µ3+λ2a4−µa5−λa6

2 − |λa1 + µa2 − λµ| 1
2ε

)
≥ δ4 > 0;

5) a1 < 0, a2 > 0 a3 < 0, a4 < 0, a7 > 0.

Òîãäà ðåøåíèå u(x, y) çàäà÷è (1), (2) èç ïðîñòðàíñòâà H(D) ñóùåñòâóåò è
åäèíñòâåííîå.
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Çäåñü H(D) - ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

‖u(x, y)‖H(D) =

∫
D

u2 + u2
x + u2

y + u2
xy + u2

xxy + u2
xyydD

 1
2

.

Òåîðåìà 2. (ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè). Ïóñòü ïðàâàÿ ÷àñòü óðàâ-
íåíèÿ (1) ôóíêöèÿ f(x, t) ∈ L2(D). Ïóñòü ñóùåñòâóþò ïîñòîÿííûå λ, µ, δ1, δ2

òàêèå, ÷òî äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1) âûïîëíåíû óñëîâèÿ

1) a7 > 0, ÷èñëî a7 -äîñòàòî÷íî áîëüøîå;

2)
(
−3λ−µ2+µa1

2 − a4

)
≥ δ1 > 0;

3)
(

3µ−λ2+λa2
2 − a3

)
≥ δ2 > 0;

4) a1 < 0, a2 > 0 a3 < 0, a4 < 0.

Òîãäà ðåøåíèå u(x, y) çàäà÷è (1), (2) èç ïðîñòðàíñòâà H(D) ñóùåñòâóåò è
åäèíñòâåííîå.

Óòâåðæäåíèå 1. Ðàññìîòðèì â îáëàñòè D ëèíåéíîå óðàâíåíèå

uyyxx(x, y)− uxxx(x, y) + uyyy(x, y)− uxxy(x, y) + uyyx(x, y) = 0. (3)

Äëÿ íåãî ìîæíî ïîñòðîèòü òî÷íîå ðåøåíèå ñ øåñòüþ íåîïðåäåëåííûìè êîýôôè-
öèåíòàìè.

Óòâåðæäåíèå 2. Ðàññìîòðèì â îáëàñòè D íåëèíåéíîå óðàâíåíèå

ux · uyyxx − uxxx + uyyy − uxxy + uyyx + 3 (ux)
2 uxx − ux · uyx − uy · uxx = 0, (4)

ãäå u = u(x, y). Äëÿ íåãî ìîæíî ïîñòðîèòü òî÷íîå ðåøåíèå.

ËÈÒÅÐÀÒÓÐÀ

1. Ñîáîëåâ Ñ. Ë. Îá îäíîé íîâîé çàäà÷å ìàòåìàòè÷åñêîé ôèçèêè// Èçâ. ÀÍ
ÑÑÑÐ. Ñåð. Ìàòåì. 1954. Ò. 18. � 1. C. 3�50.
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ÓÄÊ 517.958

ÝÂÎËÞÖÈÎÍÍÛÅ ÀËÃÎÐÈÒÌÛ ÄËß ÐÅØÅÍÈß ÇÀÄÀ×
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

EVOLUTIONARY ALGORITHMS IN MATHEMATICAL PHYSICS

Ãàéê Ñ. Ñóêèàñÿí

Èíñòèòóò Ìàòåìàòèêè ÍÀÍ Àðìåíèè
E-mail: haikarin@netsys.am

Â ïîñëåäíåå âðåìÿ äëÿ ðåøåíèÿ ñëîæíûõ ìàòåìàòè÷åñêèõ çàäà÷ ïðèìåíÿþòñÿ
ýâîëþöèîííûå àëãîðèòìû, èñïîëüçóþùèå êðîìå ìàòåìàòè÷åñêîãî àïïàðàòà òàêæå
ðåçóëüòàòû òåîðèè ýâîëþöèè æèâîé ïðèðîäû. Äëÿ ìàòåìàòè÷åñêèõ îáúåêòîâ (÷èñ-
ëà, ôóíêöèè, ïîâåðõíîñòè è ò.ä.) îïðåäåëÿþòñÿ îïåðàöèè áèîëîãè÷åñêîãî õàðàêòåðà
(êðîññîâåð, ìóòàöèÿ, ñåëåêöèÿ, ìèãðàöèÿ, èíáðèäèíã) è èçó÷àåòñÿ, êàêóþ ýâîëþöèþ
ïðåòåðïèò ïîïóëÿöèÿ ìàòåìàòè÷åñêèõ îáúåêòîâ ÷åðåç íåñêîëüêî ìèëëèîíîâ ïîêîëå-
íèé.

Ðàññìîòðåí êëàññ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, äëÿ êîòîðûõ ýâîëþöèîííûå
ìåòîäû ýôôåêòèâíåå ñòàíäàðòíûõ ìåòîäîâ ðåøåíèÿ. Äëÿ äâóìåðíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé L(A, µ) = 0 ñ äâóìÿ çàâèñèìûìè ïåðåìåííûìè òèïà Ìàêñâåëëà
ïðè ïîìîùè ýâîëþöèîííûõ ìåòîäîâ ïîëó÷åíû ãðàôèêè ÷èñëåííîãî ðåøåíèÿ.
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ÓÄÊ 517.55

Î ÌÍÎÃÎÌÅÐÍÎÌ ÀÍÀËÎÃÅ ζ-ÔÓÍÊÖÈÈ ÂÅÉÅÐØÒÐÀÑÑÀ

ON A MULTIDIMENSIONAL ANALOG OF THE WEIERSTRASS ζ-FUNCTION

Å.Í.Òåðåøîíîê1, À. Â.Ùóïëåâ1

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
l.tereshonok@gmail.com, alexey.shchuplev@gmail.com

Îäíîé èç êëàññè÷åñêèõ çàäà÷ òåîðèè ÷èñåë ÿâëÿåòñÿ çàäà÷à, ïîñòàâëåííàÿ Ê.
Ô. Ãàóññîì è êàñàþùàÿñÿ îöåíêè ÷èñëà öåëûõ òî÷åê â êðóãå. Â 1837 ãîäó Ê. Ãàóññ
ïîëó÷èë ïåðâóþ òàêóþ îöåíêó, ïîãðåøíîñòü êîòîðîé áûëà ïîðÿäêà r, ãäå r � ðà-

äèóñ êðóãà. Äàëåå Â. Ñåðïèíñêèì ýòà îöåíêà áûëà óëó÷øåíà äî ïîðÿäêà O
(
r

2
3

)
. Â

íàñòîÿùèé ìîìåíò ëó÷øàÿ îöåíêà ïîëó÷åíà M. Huxley � O
(
r

46
73

)
.

Òàêæå äàííóþ çàäà÷ó ðàññìàòðèâàþò ïðèìåíèòåëüíî ê ìíîãîìåðíûì è äðóãèì
ïðîèçâîëüíûì ïëîñêèì îáëàñòÿì.

Â ðàáîòå [1] áûëà ïîëó÷åíà ôîðìóëà, âûðàæàþùàÿ ðàçíîñòü ÷èñëà öåëûõ òî÷åê
â îáëàñòè â C1 è îáú¼ìà ýòîé îáëàñòè:

I (D)− Vol (D) =
1

2πi

∫
∂D

(ζ (z)− πz̄) dz, (1)

ãäå ζ(z) � ôóíêöèÿ Âåéåðøòðàññà äëÿ ðåø¼òêè ãàóññîâûõ ÷èñåë:

ζ(z) =
1

z
+

∑
γ∈Γ\{0}

(
1

z − γ
+

1

γ
+

z

γ2

)
.

Â ðàáîòå [2] ôîðìóëà (1) îáîáùàåòñÿ íà ìíîãîìåðíûé ñëó÷àé.
Ïóñòü Γ = (Z+ iZ)n � öåëî÷èñëåííàÿ ðåø¼òêà â Cn, ÷åðåç ωBM îáîçíà÷èì

(0, n− 1) äèôôåðåíöèàëüíóþ ôîðìó:

ωBM =

∑n
k=1 (−1)k−1 d [z̄k]

‖z‖2n .

Ñëåäóÿ [3], îïðåäåëèì ìíîãîìåðíûé àíàëîã ζ-ôóíêöèè Âåéåðøòðàññà:

ζ (z) =

= ωBM (z) +
∑

γ∈Γ\{0}

(
ωBM (z − γ) + ωBM (γ) +

n∑
i=1

(
∂ωBM
∂zi

(γ) zi +
∂ωBM
∂z̄i

(γ) z̄i

))
.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè (� 1.34.11)
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Ýòîò ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà êîìïàêòíûõ ïîäìîæåñòâàõ Cn \ Γ.
Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â òåîðåìå 1.

Òåîðåìà 1. Ïóñòü D � îáëàñòü â Cn ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂D, I (D)
� ÷èñëî öåëûõ òî÷åê âíóòðè îáëàñòè, V ol (D) � îáú¼ì îáëàñòè D. Åñëè ∂D íå
ñîäåðæèò öåëûõ òî÷åê, òî

I (D)− V ol (D) =
1

(2πi)n

∫
∂D

τ (z) ∧ dz,

.

Ïðè äîêàçàòåëüñòâå òåîðåìû èñïîëüçóåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 1. Ñóùåñòâóåò äèôôåðåíöèàëüíàÿ (0, n− 1)�ôîðìà l(z) ñ ëèíåéíû-
ìè îòíîñèòåëüíî z è z̄ êîýôôèöèåíòàìè òàêàÿ, ÷òî τ(z) = ζ(z) − l(z)
Γ−èíâàðèàíòíà.

ËÈÒÅÐÀÒÓÐÀ

1. Diaz R., Robins S. Pick's Formula via the Weierstrass ℘-Function // The American
Mathematical Monthly. 1995. Vol. 102. � 5. P. 431�437.

2. Tereshonok E., Shchuplev A. A multidimensional analog of the Weierstrass
ζ-function in the problem of the number of integer points in a domain // Journal
of Siberian Federal University, Mathematics and Physics. 2012. Vol. 5. � 4 (to
appear)

3. Zappa P. Sulle classi di Dolbeault di tipo (0, n− 1) con singolarita in un insieme
discreto //Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 8. 1981. no. 70.
P. 87�95.
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ÓÄÊ 517.55

Î ÊÎÝÔÔÈÖÈÅÍÒÀÕ ÒÅÉËÎÐÀ ÍÅÊÎÒÎÐÎÃÎ ÊËÀÑÑÀ ÐÀÖÈÎÍÀËÜÍÛÕ
ÔÓÍÊÖÈÉ ÌÍÎÃÈÕ ÊÎÌÏËÅÊÑÍÛÕ ÏÅÐÅÌÅÍÍÛÕ

ON THE TAYLOR COEFFICIENTS OF A CLASS OF MULTIVARIATE RATIONAL
FUNCTIONS

Ï.Â.Òðèøèí, Â.Ì.Òðóòíåâ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
pavel15@bk.ru, trutnev@lan.krasu.ru

Ðàññìàòðèâàåòñÿ êëàññ ðàöèîíàëüíûõ ôóíêöèé ìíîãèõ êîìïëåêñíûõ ïåðåìåí-
íûõ âèäà 1/P (z), äëÿ êîòîðûõ ìíîãîãðàííèê Íüþòîíà NP çíàìåíàòåëÿ P îáëàäàåò
ñâîéñòâîì ïîëíîòû, òî åñòü âìåñòå ñ êàæäîé òî÷êîé x ∈ NP îí ñîäåðæèò ãèïåðêóá
{x̃ ∈ Rn+ : x̃i < xi}. Êðîìå ýòîãî, äëÿ ìíîãî÷ëåíà

P (z) =
∑

aαz
α

äëÿ âñåõ ãðàíåé Γ ⊂ NP ìíîãîãðàííèêà NP , ñðåçêè

PΓ(z) =
∑
α∈Γ

aαz
α

íå îáðàùàþòñÿ â íóëü íà Rn+.
Â ýòèõ óñëîâèÿõ ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü ôóíêöèÿ 1/P (z), ãäå ìíîãî÷ëåí P (z) óäîâëåòâîðÿåò óêà-
çàííûì âûøå ñâîéñòâàì, ïðåäñòàâëÿåòñÿ â îêðåñòíîñòè íà÷àëà êîîðäèíàò ñõî-
äÿùèìñÿ ñòåïåííûì ðÿäîì

1

P (z)
=
∑
|α|>0

Cαz
α .

Ñóùåñòâóåò ôóíêöèÿ F (w) âèäà

F (w) = Φ(w)
∏

Γ(〈sk, w〉 − lk) ,

ãäå Φ(w) � öåëàÿ ôóíêöèÿ, òàêàÿ, ÷òî

F (α) = Cα .
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ÓÄÊ 517.55

Î ËÎÊÀËÜÍÛÕ ÖÈÊËÀÕ, ÐÀÇÄÅËßÞÙÈÕ ÐÎÑÒÊÈ
ÊÎÌÏËÅÊÑÍÛÕ ÃÈÏÅÐÏÎÂÅÐÕÍÎÑÒÅÉ

ON THE LOCAL CYCLES SEPARATING GERMS OF COMPLEX
HYPERSURFACES

Ð.Â.Óëüâåðò

Ñèáèðñêèé àýðîêîñìè÷åñêèé óíèâåðñèòåò, Êðàñíîÿðñê
ulvertrom@yandex.ru

Ðàññìîòðèì ñèñòåìó F1, . . . , Fm êîìïëåêñíûõ ãèïåðïîâåðõíîñòåé â êîìïëåêñ-
íîì àíàëèòè÷åñêîì ìíîãîîáðàçèè X êîìïëåêñíîé ðàçìåðíîñòè n. Îáîçíà÷èì F =
F1∪. . .∪Fm, è áóäåì ñ÷èòàòü, ÷òîm > n > 2. Äëÿ ðàçáèåíèÿ J ìíîæåñòâà {1, . . . ,m}
íà n íåïóñòûõ íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ J1, . . . , Jn îïðåäåëèì íàáîð n ãèïåð-
ïîâåðõíîñòåé T1, . . . , Tn, ãäå

Tk =
⋃
j∈Jk

Fj.

Äëÿ êàæäîé èçîëèðîâàííîé òî÷êè a ïåðåñå÷åíèÿ ãèïåðïîâåðõíîñòåé T1, . . . , Tn ðàñ-
ñìîòðèì öèêë

ΓJ ,a = {z ∈ Ua : |tk(z)| = εk, k = 1, . . . , n} , (1)

ãäå tk � îïðåäåëÿþùèå ôóíêöèè äëÿ ãèïåðïîâåðõíîñòåé Tk â îêðåñòíîñòè Ua òî÷êè
a. Öèêë ΓJ ,a ÿâëÿåòñÿ ëîêàëüíûì öèêëîì â òî÷êå a â òîì ñìûñëå, ÷òî åãî êëàññ
ãîìîëîãèé èìååò ïðåäñòàâèòåëåé c íîñèòåëÿìè, ëåæàùèìè â ñêîëü óãîäíî ìàëîé
îêðåñòíîñòè òî÷êè a. Ëîêàëüíûé öèêë ΓJ ,a âîçíèêàåò êàê öèêë èíòåãðèðîâàíèÿ â
èíòåãðàëå

rest
a
ω = (2πi)−n

∫
ΓJ ,a

ω, (2)

êîòîðûé îïðåäåëÿåòñÿ äëÿ ìåðîìîðôíîé n-ôîðìû ω c ïîëþñàìè íà T1, . . . , Tn. Òà-
êîé èíòåãðàë íàçûâàþò ëîêàëüíûì âû÷åòîì (âû÷åòîì Ãðîòåíäèêà) [1], ïîñêîëüêó
îí àññîöèèðóåòñÿ ñ èäåàëîì â ëîêàëüíîì êîëüöå ðîñòêîâ Oa, ïîðîæäåííîì ñèñòåìîé
ôóíêöèé t = (t1, . . . , tn). Çàìåòèì, ÷òî ïðè m > n ìîãóò áûòü îïðåäåëåíû ðàçëè÷-
íûå âû÷åòû, ñâÿçàííûå ñ ðàçëè÷íûìè ñïîñîáàìè ãðóïïèðîâêè ãèïåðïîâåðõíîñòåé
F1, . . . , Fm è ðàçëè÷íûìè âûáîðàìè èçîëèðîâàííûõ òî÷åê a â ïåðåñå÷åíèÿõ

T1 ∩ . . . ∩ Tn.

Ïóñòü òåïåðü Γ � ýòî ïðîèçâîëüíûé êîìïàêòíûé n-öèêë â X \ F , è ðàññìàòðè-
âàåòñÿ èíòåãðàë

∫
Γ ω. Íàñ áóäóò èíòåðåñîâàòü óñëîâèÿ, ïðè êîòîðûõ öèêë Γ ãîìîëî-

ãè÷åí ëèíåéíîé êîìáèíàöèè ëîêàëüíûõ öèêëîâ (1) ïî âñåâîçìîæíûì ðàçáèåíèÿì J
ìíîæåñòâà {1, . . . ,m} è èçîëèðîâàííûì òî÷êàì a ïåðåñå÷åíèÿ ñîîòâåòñòâóþùèõ ãè-
ïåðïîâåðõíîñòåé T1, . . . , Tn. Ïðè ýòîì âû÷èñëåíèå èíòåãðàëà

∫
Γ ω ñâîäèòñÿ ê âû÷èñ-

ëåíèþ ëîêàëüíûõ âû÷åòîâ (2). Îáîçíà÷èì ÷åðåç ZJ äèñêðåòíóþ ÷àñòü ïåðåñå÷åíèÿ
ãèïåðïîâåðõíîñòåé T1, . . . , Tn.
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Îïðåäåëåíèå 1. Ïîäãðóïïà ãðóïïû ñèíãóëÿðíûõ (êîìïàêòíûõ) ãîìîëîãèé
Hn(X \ F ), ïîðîæäåííàÿ öèêëàìè ΓJ ,a äëÿ âñåâîçìîæíûõ ðàçáèåíèé J è òî÷åê
a ∈ ZJ , íàçûâàåòñÿ ëîêàëüíî ðàçäåëÿþùåé ïîäãðóïïîé è îáîçíà÷àåòñÿ H∗n(X \F ).

Òàêèì îáðàçîì, ìû èññëåäóåì óñëîâèÿ, ïðè êîòîðûõ êëàññ öèêëà Γ ïðèíàäëåæèò
ïîäãðóïïå H∗n(X \ F ). Íåòðóäíî ïîêàçàòü [2], ÷òî êàæäûé ýëåìåíò ëîêàëüíî ðàçäå-
ëÿþùåé ïîäãðóïïû ðàçäåëÿåò ãèïåðïîâåðõíîñòè F1, . . . , Fm â ñìûñëå ñëåäóþùåãî
îïðåäåëåíèÿ:

Îïðåäåëåíèå 2. Âåùåñòâåííî n-ìåðíûé öèêë Γ íàçûâàåòñÿ ðàçäåëÿþùèì
ãèïåðïîâåðõíîñòè F1, . . . , Fm, åñëè

Γ ∼ 0 â X \ Fα1
∪ . . . ∪ Fαn−1

äëÿ ëþáîãî ïîäíàáîðà èíäåêñîâ {α1, . . . , αn−1} èç {1, . . . ,m}.

Ñëåäóþùàÿ òåîðåìà À.Ê. Öèõà [1] ïîêàçûâàåò, ÷òî â ñëó÷àå m = n â äîâîëü-
íî îáùåé ñèòóàöèè óñëîâèå ðàçäåëåíèÿ îêàçûâàåòñÿ íå òîëüêî íåîáõîäèìûì, íî è
äîñòàòî÷íûì äëÿ òîãî, ÷òîáû êëàññ ãîìîëîãèé öèêëà ïðèíàäëåæàë H∗n(X \ F ).

Òåîðåìà 1. Ïóñòü X � ìíîãîîáðàçèå Øòåéíà êîìïëåêñíîé ðàçìåðíîñòè n,
è F1, . . . , Fn � íàáîð ãèïåðïîâåðõíîñòåé â X. Òîãäà êëàññ ãîìîëîãèé n-öèêëà Γ èç
X \ F ïðèíàäëåæèò ïîäãðóïïå H∗n(X \ F ) â òîì, è òîëüêî òîì ñëó÷àå, êîãäà Γ
ðàçäåëÿåò ãèïåðïîâåðõíîñòè F1, . . . , Fn.

À.Ï. Þæàêîâûì è À.Ê. Öèõîì áûëà ñôîðìóëèðîâàíà ãèïîòåçà î òîì, ÷òî óòâåð-
æäåíèå òåîðåìû 1 îñòàåòñÿ ñïðàâåäëèâûì è â ñëó÷àå ïðîèçâîëüíîãî ÷èñëà m > n
ãèïåðïîâåðõíîñòåé. Îòìåòèì, ÷òî â ñëó÷àå, êîãäà {Fj} � ñèñòåìà n àëãåáðàè÷åñêèõ
ãèïåðïîâåðõíîñòåé, ðàöèîíàëüíî çàâèñÿùèõ îò ïàðàìåòðà x = (x1, . . . , xp), èíòå-
ãðàë (2), êàê ïîêàçàíî â [1], ÿâëÿåòñÿ àëãåáðàè÷åñêîé ôóíêöèåé îò x. Ïîýòîìó ôàêò
ïîäòâåðæäåíèÿ ãèïîòåçû çíà÷èòåëüíî ðàñøèðÿåò âîçìîæíîñòü ðàñïîçíàíèÿ àëãåá-
ðàè÷åñêèõ ôóíêöèé.

Íàøåé öåëüþ ÿâëÿåòñÿ ïðîâåðêà ãèïîòåçû â ëîêàëüíîì ñëó÷àå, òî åñòü, êîãäà X
� ñêîëü óãîäíî ìàëàÿ øòåéíîâà îêðåñòíîñòü òî÷êè èç Cn, à Γ � ëîêàëüíûé öèêë.
Îäèí èç ðåçóëüòàòîâ À.Ï. Þæàêîâà [2] ïîäòâåðæäàåò ãèïîòåçó â ëîêàëüíîì ñëó÷àå
ïðè óñëîâèè, ÷òî ëþáîé n-ïîäíàáîð äàííîé ñèñòåìû ãèïåðïîâåðõíîñòåé ïåðåñåêàåò-
ñÿ äèñêðåòíî. Â ñòàòüå [3] óäàëîñü ÷àñòè÷íî îñëàáèòü ïîñëåäíåå óñëîâèå, à òàêæå
ïîäòâåðäèòü ãèïîòåçó äëÿ m = n+ 1 ãèïåðïîâåðõíîñòåé:

Òåîðåìà 2. Ïóñòü X = Ua � äîñòàòî÷íî ìàëàÿ øòåéíîâà îêðåñòíîñòü òî÷-
êè a ∈ Cn. Òîãäà

[Γ] ∈ H∗n(X \ F1 ∪ . . . ∪ Fn+1)

â òîì, è òîëüêî òîì ñëó÷àå, êîãäà Γ ðàçäåëÿåò ãèïåðïîâåðõíîñòè F1, . . . , Fn+1.
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Îãðàíè÷åíèÿ íà ãåîìåòðèþ ïåðåñå÷åíèé ãèïåðïîâåðõíîñòåé, ïðè êîòîðûõ îáñóæ-
äàåìàÿ ãèïîòåçà ïîäòâåðæäåíà â [3], ñâÿçàíû ñ óñëîâèåì ñóùåñòâîâàíèÿ áàçû ãîìî-
ëîãèé ïîäãðóïïû H∗n(X \ F ), ñîñòîÿùåé èç öèêëîâ ΓJ ,a, ñîîòâåòñòâóþùèõ ðàçáè-
åíèÿì J , âñå ïîäìíîæåñòâà êîòîðûõ, çà èñêëþ÷åíèåì îäíîãî, ÿâëÿþòñÿ îäíîýëå-
ìåíòíûìè. Â äîêëàäå ïðèâîäèòñÿ ïðèìåð ñèñòåìû ãèïåðïîâåðõíîñòåé, äëÿ êîòîðîé
ïîäãðóïïà H∗n(X \ F ) òàêîé áàçû ãîìîëîãèé íå èìååò.

Ïóñòü â ñêîëü óãîäíî ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò â C3 çàäàíà ñëåäóþ-
ùàÿ ñèñòåìà ãèïåðïîâåðõíîñòåé:

F1 = {z : z1 = 0}, F2 = {z : z2 = 0}, F3 = {z : z3 = 0},
F4 = {z : z3

1 − z2z3 = 0}, F5 = {z : z3
2 − z1z3 = 0}, F6 = {z : z3

3 − z1z2 = 0}.

Íåòðóäíî ïðîâåðèòü, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðàçáèåíèå

J = {{1, 4}, {2, 5}, {3, 6}},

äëÿ êîòîðîãî ZJ = {0}. Ñîîòâåòñòâóþùèé ýòîìó ðàçáèåíèþ ëîêàëüíûé öèêë èìååò
âèä

ΓJ ,0 =
{∣∣z1(z

3
1 − z2z3)

∣∣ = ε1,
∣∣z2(z

3
2 − z1z3)

∣∣ = ε2,
∣∣z3(z

3
3 − z1z2)

∣∣ = ε3

}
.

Ïðåäëîæåíèå 1. Öèêë ΓJ ,0 ïîðîæäàåò ëîêàëüíî ðàçäåëÿþùóþ ïîäãðóïïó
H∗n(X \ F ). Êëàññ ëþáîãî 3-öèêëà Γ, ðàçäåëÿþùåãî ãèïåðïîâåðõíîñòè F1, . . . , F6,
ïðèíàäëåæèò ïîäãðóïïå H∗n(X \ F ).

Òåì ñàìûì, äëÿ óêàçàííîãî ïðèìåðà ãèïîòåçà òàêæå ïîäòâåðæäàåòñÿ.
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HYPERBOLIC FORMULAS IN ELLIPTIC ÑAUCHY PROBLEMS

Ä.Ï.Ôåä÷åíêî

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
fdp@bk.ru

Ìû èçó÷àåì çàäà÷ó Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà â öèëèíäðè÷åñêèõ îáëàñòÿõ
ñ äàííûìè íà ÷àñòè ãðàíèöû. Ñâîäÿ èñõîäíóþ çàäà÷ó ê çàäà÷å Êîøè äëÿ âîëíî-
âîãî óðàâíåíèÿ â êîìïëåêñíîé îáëàñòè è èñïîëüçóÿ ãèïåðáîëè÷åñêóþ òåîðèþ, ìû
ïîëó÷àåì òî÷íûå ôîðìóëû äëÿ ðåøåíèÿ, îáîáùàÿ òåì ñàìûì êëàññè÷åñêèé ïîäõîä
Õàíñà Ëåâè (1927).

Ïóñòü X � îãðàíè÷åííàÿ öèëèíäðè÷åñêàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé â
Rn, ò.å. X ÿâëÿåòñÿ ÷àñòüþ öèëèíäðà B × R, îãðàíè÷åííîé äâóìÿ ïîâåðõíîñòÿìè

xn = b(x′) è xn = t(x′),

ëåæàùèìè íàä ìíîæåñòâîì B, ãäå B � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé â
ïðîñòðàíñòâå Rn−1 ïåðåìåííîãî x′ = (x1, . . . , xn−1). Äëÿ ïðîñòîòû áóäåì ïðåäïîëà-
ãàòü, ÷òî t(x′) > b(x′) äëÿ âñåõ x′ ∈ B, ñëó÷àé t(x′) = b(x′) äëÿ íåêîòîðûõ èëè äëÿ
âñåõ x′ ∈ ∂B íå èñêëþ÷åí. Çàäàäèì äàííûå Êîøè íà ïîâåðõíîñòè

S := {(x′, t(x′)) : x′ ∈ B},

êîòîðàÿ ïðåäïîëàãàåòñÿ âåùåñòâåííî-àíàëèòè÷åñêîé.
Ðàññìîòðèì íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíû-

ìè ∆u = f(x, u,∇u) â X , ãäå ôóíêöèÿ f âåùåñòâåííî-àíàëèòè÷åñêàÿ íà X ×R×Rn.
Çàäà÷à Êîøè äëÿ ðåøåíèé ýòîãî óðàâíåíèÿ ñ äàííûìè íà S ìîæåò áûòü ñôîðìóëè-
ðîâàíà ñëåäóþùèì îáðàçîì: ∆u = f(x, u,∇u) â X ,

u = u0 íà S,
u′xn = u1 íà S.

(1)

Ëåììà 1. Ñóùåñòâóåò åäèíñòâåííàÿ âåùåñòâåííî-àíàëèòè÷åñêàÿ â X ∪ S
ôóíêöèÿ u, ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è (1).

Ïðåäïîëîæèì, ÷òî u � âåùåñòâåííî-àíàëèòè÷åñêàÿ â X ∪ S ôóíêöèÿ, óäîâëå-
òâîðÿþùàÿ (1). Äëÿ êàæäîãî ôèêñèðîâàííîãî x′ ∈ B, ôóíêöèÿ u(x′, xn) ìîæåò
áûòü ïðîäîëæåíà äî ãîëîìîðôíîé ôóíêöèè u(x′, xn + ıyn) â íåêîòîðóþ êîìïëåêñ-
íóþ îêðåñòíîñòü èíòåðâàëà (b(x′), t(x′)]. Áóäåì ñ÷èòàòü, ÷òî ýòà îêðåñòíîñòü ÿâëÿ-
åòñÿ òðåóãîëüíèêîì T (x′) ñ âåðøèíîé b(x′) è îñíîâàíèåì t(x′) ± ıε â êîìïëåêñíîé
ïëîñêîñòè zn = xn + ıyn. Îáîçíà÷èì ÷åðåç U(x′, xn, yn) ïðîäîëæåííóþ ôóíêöèþ.
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Òàê êàê ôóíêöèÿ U(x′, zn) ãîëîìîðôíà â T (x′), ñðàçó æå ïîëó÷àåì(
∂

∂xn

)j
U(x′, xn, yn) =

(
−ı ∂
∂yn

)j
U(x′, xn, yn)

äëÿ âñåõ j = 1, 2, . . .. Ñëåäîâàòåëüíî, çàäà÷à Êîøè (1) äëÿ u ìîæåò áûòü ïðåîáðà-
çîâàíà ê çàäà÷å

∆x′U − U ′′ynyn = f(x′, zn, U,∇x′U,−ıU ′yn), x′ ∈ B, zn ∈ T (x′),

U(x′, xn, 0) = u0(x
′, zn), x′ ∈ B, zn = t(x′),

U ′yn(x
′, xn, 0) = ıu1(x

′, zn), x′ ∈ B, zn = t(x′),

(2)

îòíîñèòåëüíî íîâîé íåèçâåñòíîé ôóíêöèè U(x′, xn, yn).
Ðàññìîòðèì ñëó÷àé n = 2 è f = 0.

X = {(x1, x2) ∈ R2 : x1 ∈ (a, b), b(x1) < x2 < t(x1)},

ãäå B = (a, b) � îãðàíè÷åííûé èíòåðâàë, à b è t � ãëàäêèå ôóíêöèè ïåðåìåííîãî
x1 ∈ (a, b). Îáîçíà÷èì ÷åðåç S êðèâóþ {(x1, t(x1)) : x1 ∈ (a, b)}, ÿâëÿþùóþñÿ
÷àñòüþ ãðàíèöû ∂X .

Ïóñòü äàíû äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ u0(x1, x2) è äèôôåðåíöèðóå-
ìàÿ ôóíêöèÿ u1(x1, x2) ïåðåìåííîãî x1 ∈ (a, b), òîãäà ôóíêöèÿ

U =
u0(x1 + y2, x2) + u0(x1 − y2, x2)

2
+
ı

2

∫ x1+y2

x1−y2
u1(x

′
1, x2) dx

′
1, (3)

çàäàííàÿ ôîðìóëîé Ä'Àëàìáåðà, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (2) äëÿ âîëíîâîãî
óðàâíåíèÿ.

Ïóñòü D � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C ïåðåìåííîãî z, îãðàíè÷åííàÿ
ëó÷àìè OA è OB, à òàêæå ãëàäêîé êðèâîé c = AB, ëåæàùåé âíóòðè óãëà BOA.
Ïîëîæèì ∠BOA = απ, ãäå 0 < α < 2.

Òåîðåìà 1. Åñëè ôóíêöèÿ u(z) ãîëîìîðôíà â D è íåïðåðûâíà âïëîòü äî ãðà-
íèöû, òî ôîðìóëà

u(z) = lim
N→∞

1

2πı

∫
c

u(ζ) expN

((
ζ − ζ0

z − ζ0

)1/α

− 1

)
dζ

ζ − z

ñïðàâåäëèâà äëÿ âñåõ z, ëåæàùèõ íà áèññåêòðèñå óãëà BOA, ãäå ζ0 � êîìïëåêñíîå
÷èñëî, ñîîòâåòñòâóþùåå âåðøèíå O óãëà.

Äîêàçàòåëüñòâî ïðèíàäëåæèò Êàðëåìàíó [1]. Íàñêîëüêî íàì èçâåñòíî, ýòî ïåð-
âàÿ ôîðìóëà àíàëèòè÷åñêîãî ïðîäîëæåíèÿ, èñïîëüçóþùàÿ èäåþ ââåäåíèÿ ãàñÿùåé
ôóíêöèè. Ïîäîáíûå ôîðìóëû â êîìïëåêñíîì àíàëèçå è òåîðèè ýëëèïòè÷åñêèõ óðàâ-
íåíèé ïðèíÿòî íàçûâàòü ôîðìóëàìè Êàðëåìàíà (ñì, [2], [3]).
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Òåîðåìà 2. Ïóñòü n = 2. Åñëè u ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (1) â X ,
âåùåñòâåííî-àíàëèòè÷åñêèì âïëîòü äî S, òî ôîðìóëà

u(x) =

lim
N→∞

1

2π

∫ ε(x1)

−ε(x1)

U(x1, t(x1), y2) expN

((
t(x1)− b(x1) + ıy2

x2 − b(x1)

)1/α

− 1

)
dy2

t(x1)− x2 + ıy2

ñïðàâåäëèâà äëÿ âñåõ x ∈ X , ãäå ôóíêöèÿ U(x1, x2, y2) çàäàíà ôîðìóëîé (3).

Äîêàçàòåëüñòâî ñîäåðæèòñÿ â ðàáîòå [4].
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ ÍÅËÈÍÅÉÍÛÕ
ÈÍÒÅÃÐÀËÜÍÛÕ È ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ

ÑÓÌÌÀÐÍÎ-ÐÀÇÍÎÑÒÍÛÌÈ ßÄÐÀÌÈ ÍÀ ÏÎËÓÎÑÈ

ON THE SOLVABILITY OF SOME CLASSES OF NON-LINEAR INTEGRAL AND
INTEGRO-DIFFERENTIAL EQUATIONS WITH SUM-DIFFERENCE KERNELS ON

A SEMIAXIS

À.Õ. Õà÷àòðÿí, Õ.À. Õà÷àòðÿí

Îòäåë ìåòîäîâ ìàò. ôèçèêè Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Àðìåíèè
Aghavard@hotbox.ru, Khach82@rambler.ru

Äîêëàä ïîñâÿùåí âîïðîñó ðàçðåøèìîñòè â îïðåäåëåííûõ ôóíêöèîíàëüíûõ
ïðîñòðàíñòâàõ äëÿ ñëåäóþùèõ êëàññîâ íåëèíåéíûõ èíòåãðàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé:

1. Èíòåãðàëüíûå óðàâíåíèÿ:

f(x) =

∞∫
0

K0(x− t)N0(t, f(t))dt+

∞∫
0

K1(x+ t)N1(t, f(t))dt, x > 0, (1)

ϕ(x) = −
∞∫

0

N0(t, ϕ(t))dtF0(x− t) +

∞∫
0

N1(t, ϕ(t))dtF1(x+ t), x > 0. (2)

2. Èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå:
dψ

dx
+ λψ(x) =

∞∫
0

T0(x− t)H0(t, ψ(t))dt+

∞∫
0

T1(x+ t)H1(t, ψ(t))dt, x > 0

ψ(0) = 0.

(3)

Óêàçàííûå êëàññû óðàâíåíèé, êðîìå òåîðåòè÷åñêîãî èíòåðåñà, èìåþò íåïîñðåä-
ñòâåííîå ïðèìåíåíèå â êèíåòè÷åñêîé òåîðèè ãàçîâ, â òåîðèè ìàðêîâñêèõ ïðîöåññîâ
(óðàâíåíèÿ (1) è (2)), â ýêîíîìåòðèêå, à èìåííî â òåîðèè ðàñïðåäåëåíèÿ íàöèîíàëü-
íîãî äîõîäà â îäíîïðîäóêòîâîé ýêîíîìèêå (çàäà÷à (3)).

Íàêëàäûâàÿ íåêîòîðûå óñëîâèÿ íà ÿäðà è íà N0, N1, H0, H1 äîêàçûâàþòñÿ òåî-
ðåìû ñóùåñòâîâàíèÿ ðåøåíèé â ïðîñòðàíñòâàõ L1(R+) ∩ L0

∞(R+) è

L0
∞(R+) = {ϕ : ϕ ∈ L∞(R+) : lim

x→∞
ϕ(x) = 0}.
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ON THE CONVERGENCE DOMAINS OF SERIES OF HOMOGENEOUS
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Î.Â.Õîäîñ

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê
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Ïóñòü S � åäèíè÷íàÿ ñôåðà â Rn ñ öåíòðîì â íóëå.
Ðàññìîòðèì ïîëíóþ îðòîíîðìèðîâàííóþ íà L2(S) ñèñòåìó îäíîðîäíûõ ãàðìî-

íè÷åñêèõ ìíîãî÷ëåíîâ {Pk,s(x)}, k � ñòåïåíü ìíîãî÷ëåíà, à s � íîìåð ìíîãî÷ëåíà

(ñòåïåíè k) èç ýòîãî áàçèñà, s = 1, . . . , σ(k), ãäå σ(k) =
(n+ 2k − 2)(k + n− 3)!

k!(n− 2)!
.

Áóäåì ðàññìàòðèâàòü ðÿäû âèäà

∞∑
k=0

σ(k)∑
s=1

ak,sPk,s(x), (1)

ñõîäÿùèåñÿ â êàæäîé òî÷êå x èç íåêîòîðîé îãðàíè÷åííîé îáëàñòè G ê ôóíêöèè
F (x). Ýòîò ðÿä ìû ìîæåì ïåðåïèñàòü â âèäå

F (x) =
∞∑
k=0

σ(k)∑
s=1

ak,sPk,s(x)

 =
∞∑
k=0

Yk(x), (2)

ãäå Yk(x) =
σ(k)∑
s=1

ak,sPk,s(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ìíîãî÷ëåí ñòåïåíè k.

Ñõîäèìîñòü ðÿäà (1) (èëè (2)) â G íàëàãàåò íåêîòîðûå äîïîëíèòåëüíûå óñëîâèÿ
íà F è íà G. À èìåííî, åñëè ðÿä (1) ñõîäèòñÿ â G, òî ýòà ñõîäèìîñòü àáñîëþòíàÿ è
åãî îáëàñòü ñõîäèìîñòè çâåçäíàÿ è ñèììåòðè÷íàÿ îòíîñèòåëüíî íóëÿ.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî G ñèììåòðè÷íàÿ îòíîñèòåëüíî íóëÿ è
ñèëüíî çâåçäíàÿ, ò.å. îáëàñòè Gr = {x : x = ry, y ∈ G} îòíîñèòåëüíî êîìïàêòíû â
G äëÿ âñåõ r, 0 < r < 1.

Áóäåì òàêæå òðåáîâàòü, ÷òî âî âñåõ îáëàñòÿõ Gr, 0 < r < 1, ðàâíîìåðíî ñõîäèòñÿ
ðÿä

∞∑
k=0

|Yk(x)|. (3)

Óñëîâèå (3) ãàðàíòèðóåò, ÷òî F (x) ãàðìîíè÷íà â G.
Ðàññìîòðèì ìíîæåñòâî â Cn âèäà GC = {z ∈ Cn : z = ζx, x ∈ G, ζ ∈ ∆},

ãäå ∆ îòêðûòûé åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêîñòè C ñ öåíòðîì â íóëå.
Ìíîæåñòâî GC îòíîñèòåëüíî êîìïàêòíî â Cn.
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Ðÿäû (1) (èëè (2)) îïðåäåëÿþò òîãäà íåêîòîðîå ïðîäîëæåíèå FC(z) ôóíêöèè F
â GC. Â ñèëó íàëîæåííûõ óñëîâèé ôóíêöèÿ FC íåïðåðûâíà íà GC è ãîëîìîðôíà
ïî ζ ïðè ôèêñèðîâàííîì x ∈ G â ∆ (z = ζx).

Îáîçíà÷èì

dk(G) = sup
x∈G
|Yk(x)| è dk,s(G) = sup

x∈G
|Pk,s(x)|.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ðÿä (2) ñõîäèëñÿ â G, à ðÿä (3) ðàâíîìåðíî ñõî-
äèëñÿ íà ëþáîì ìíîæåñòâå Gr, 0 < r < 1, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðÿä

∞∑
k=0

dk(G)rk

ñõîäèëñÿ äëÿ ëþáîãî r < 1, ò.å. âûïîëíÿëîñü óñëîâèå

lim sup
k→∞

k
√
dk(G) 6 1.

Ðàññìîòðèì áîëåå ñèëüíîå óñëîâèå ñõîäèìîñòè. Ïóñòü ðÿä∑
k,s

|ak,s||Pk,s(x)| (4)

ñõîäèòñÿ ðàâíîìåðíî â ëþáîé îáëàñòè Gr, 0 < r < 1.

Ñëåäñòâèå 1. Äëÿ òîãî ÷òîáû ðÿä (4) ñõîäèëñÿ ðàâíîìåðíî â ëþáîé îáëàñòè
Gr, 0 < r < 1, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû ðÿä

∑
k

rk

(∑
s

|ak,s|dk,s

)
ñõîäèëñÿ äëÿ âñåõ r < 1.

Ñëåäñòâèå 2. Äëÿ òîãî ÷òîáû ðÿä (4) ñõîäèëñÿ ðàâíîìåðíî â ëþáîé îáëàñòè
Gr, 0 < r < 1, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû

lim sup
k→∞

k

√
max

16s6σ(k)
|ak,s|dk,s 6 1.

Òåîðåìà 2. Äëÿ òîãî ÷òîáû ðÿä (4) ñõîäèëñÿ ðàâíîìåðíî â ëþáîé îáëàñòè Gr,
0 < r < 1, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû ðÿä∑

k,s

ak,sdk,sPk,s

ñõîäèëñÿ àáñîëþòíî â øàðå B = {x : |x| < 1} è ðàâíîìåðíî íà ëþáîì êîìïàêòå
èç ýòîãî øàðà.
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ÂÛÇÂÀÍÍÛÌÈ ÈÌÏÓËÜÑÍÛÌÈ ÂÎÇÄÅÉÑÒÂÈßÌÈ

ON OPTIMAL BOUNDARY NULL�CONTROLLABILITY FOR
NON�HOMOGENEOUS STRING VIBRATIONS UNDER IMPULSIVE BOUNDARY

PERTURBATIONS

A.Khurshudyan

Yerevan State University, Yerevan
AsaturKhurshudyan@yandex.ru

We are concerned here with an optimal boundary control problem for the wave
equation with x−dependent variable coe�cients [3�6]

∂

∂x

[
T0(x)

∂w

∂x

]
− ρ(x)

∂2w

∂t2
= F (x, t); x ∈ [0; l], t ∈ [t0;T ] , (1)

where F (x, t), ρ(x) and T0(x) are realizable functions, such that the usual existence
theorems for physically acceptable solution w = w(x, t) hold.

It is assumed, that the following boundary conditions are given:

w(0, t) = u(t),
∂w(x, t)

∂x

∣∣∣∣
x=l

=
n∑
j=1

Pjδ(t− tj); t ∈ [t0;T ], (2)

where t0 ≤ tj < tj+1 ≤ T (j = 1;n− 1), δ(t) is Dirac`s delta�function. It is also
supposed, that the control process under study is carried out by control impacts u(t),
acting at the left end�point of the string.

It should be noted, that the system (1)-(2) particularly describes forced vibrations of
a non-homogeneous string of length l and density ρ(x), caused by external impact F (x, t)
and simultaneously impulsive perturbations Pj (j = 1;n), concentrated at the right end�
point of the string and acting at discrete moments tj ∈ [t0, T ], which are controlled by
control actions u(t) acting at the left�end point of the string, at that T0(x) is the tensile
force of the string, w(x, t) is the de�ection of the string from equilibrium state.

For solvability of boundary-value problem (1)-(2) it is necessary to consider also some
initial data. Let them be the following:

w(x, t0) = w0(x),
∂w(x, t)

∂t

∣∣∣∣
t=t0

= ẇ0(x); x ∈ [0; l]. (3)

The statement of the problem under consideration is to de�ne the optimal law for
realization of boundary control function u(t), which provides for solution of equation
(1), satisfying boundary and initial conditions (2) and (3) respectively, the following
end�point null�condition during �nite time interval [t0, T ] :
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w(x, T ) ≡ 0,
∂w(x, t)

∂t

∣∣∣∣
t=T

≡ 0; x ∈ [0; l] (4)

and minimizes the control process optimality criterion

κ[u] =

∫ T

t0

|u(t)|dt. (5)

By applying generalized Fourier integral transform with respect to variable t to (1) and
(2), taking into account (3) and (4), we will respectively derive:

d

dx

[
T0(x)

dw

dx

]
+ σ2ρ(x)w = G(x, σ); x ∈ [0, l], σ ∈ (−∞,∞), (6)

w(0, σ) = u(σ),
dw(x, σ)

dx

∣∣∣∣
x=l

=
n∑
j=1

Pje
iσtj , (7)

where σ is the spectral parameter of Fourier transform,

u(σ) =

∫ T

t0

u(t)eiσtdt; G(x, σ) = G1(x, σ) + i ·G2(x, σ),

Gp(x, σ) =

∫ T

t0

F (x, t){cos; sin}(σt)dt− ρ[ẇ0{cos; sin}(σt0)+

σw0{sin;− cos}(σt0)], p = 1, 2.

We suppose, that the functions ρ(x) > 0 and T0(x) satisfy conditions for existence
of a non-trivial (non-eventually zero) oscillating solution of equation (6) with respect to
x variable (see e.g. [7, 8] and the references cited therein, although one can notice, that
there is not any restrictions on the sign of the function T0(x)).

Without loss of generality we assume, that the boundary control function u(t)
is a �nite with support [t0, T ]. Than, using �nite control method [2] after necessary
transformations and simpli�cations, keeping in view (7), the solution of the problem
under investigation has been reduced to the following interpolation problem to de�ning
the Fourier transform of unknown function:

u(αk) = −ie
−i(µ(l,αk)−µ(0,αk))

µ′(l, αk)
·

[
n∑
j=1

Pje
iαktj − Ω(l, αk)

]
:= M1k + i ·M2k, (8)

(
αk = σk + iτk; σk, τk ∈ (−∞,∞); k = 0, 1, 2, ...

)
where the following notations are introduced:
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Ω(x, α) =

∫ x

0

[
λ′(x, α)ei(λ(x,α)−λ(ξ,α)) − µ′(x, α)ei(µ(x,α)−µ(ξ,α))

]
G(ξ, α)

λ′(ξ, α)− µ′(ξ, α)
dξ,

αk are the roots of characteristic transcendental equation

ei(µ(l,αk)−µ(0,αk)−(λ(l,αk)−λ(0,αk)) =
λ′(l, αk)

µ′(l, αk)
,

here λ = λ(x, σ) and µ = µ(x, σ) are non�trivial real solutions of Riccati di�erential
equation [3, 6, 7] ν2 + T0ν

′ + σ2ρT0 = 0, where ν(x, σ) = i · T0(x) d
dx{λ;µ}, de�ning

oscillating solution of (6), such that λ′(x, σ) 6= µ′(x, σ) for all x ∈ [0, l] and σ ∈ (−∞,∞).
Than, by separating real and imaginary parts in both sides of equality (8), one can

reduce it to the following system of moments problem in the space L∞[t0, T ] under
criterion (5), with respect to unknown function:∫ T

t0

u(t)e−τkt cos(σkt)dt = M1k;

∫ T

t0

u(t)e−τkt sin(σkt)dt = M2k (k = 0, 1, 2, ...). (9)

Hereby, the solution of the boundary control problem under investigation has been
reduced to interpolation problem (8) with respect to Fourier transform of unknown
boundary control function or to system of moments problem (9) with respect to the
very unknown function. Here the solution of the problem has been determined explicitly
by means of solution of system of moments problem (9) using the well-known method for
solving moments problem in the case of integral constraint set out in [1], at that unknown
function has the following form:

uo(t) =
∑
k,s

uoks · δ(t− toks); k ∈ K, s ∈ S (10)

where the control actions uoks are determined from system∑
s∈S

uokse
−τktoks cos(σkt

o
ks) = M1k;

∑
s∈S

uokse
−τktoks sin(σkt

o
ks) = M2k, k ∈ K,

with additional condition

sgnuoks = sgn [cos(σkt
o
ks − θk)] ; θk = arctan

M2k

M1k
,

the moments of controls application toks are the real positive roots of transcendental
equation

τk
[
M 2

1k +M 2
2k

]− 1
2e−τkt = 0,
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K and S are the sets of indexes k and s respectively, for which

{toks;σktoks}k∈K, s∈S ⊂ [t0;T ].

At the end let us note, that since the necessary and su�cient condition for solvability
of moments problem (10) is satis�ed [1], i.e.,√

M 2
1k +M 2

2ke
−τktoks > 0,

for all k ∈ K and s ∈ S, therefore the system (1)-(2) is null-controllable by means of the
space L1[t0, T ] for all initial and boundary data (3) and (4).
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SUBSPACE ARRANGEMENTS AND INTEGRAL REPRESENTATIONS

Þ.Â.Ýëèÿøåâ
Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê

eliyashev@mail.ru

Ïóñòü K � ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå âåðøèí [n] = {1, . . . , n}.
Îïðåäåëèì ïî K íàáîð êîìïëåêñíûõ êîîðäèíàòíûõ ïîäïðîñòðàíñòâ â Cn :

ZK :=
⋃
σ 6∈K

Lσ,

ãäå σ = {i1, . . . , im} ⊆ [n] � ïîäìíîæåñòâî â [n] (íå ïîðîæäàþùåå ñèìïëåêñ â K), a

Lσ = {z ∈ Cn : zi1 = · · · = zim = 0}.

Îòìåòèì, ÷òî ëþáîé íàáîð êîìïëåêñíûõ êîîðäèíàòíûõ ïëîñêîñòåé â Cn êîðàçìåð-
íîñòè áîëüøå 1 ìîæåò áûòü çàäàí òàêèì îáðàçîì.

Â ðàáîòå [1] áûëè âû÷èñëåíû êîãîìîëîãèè Cn\ZK, à òàêæå, èñõîäÿ èç òîïîëîãè÷å-
ñêèõ ñîîáðàæåíèé, áûëà ââåäåíà áèãðàäóèðîâêà íà êîëüöåH∗(Cn\ZK) (êîãîìîëîãèè
ñ êîýôôèöèåíòàìè â Z). Ïðèâåäåì çäåñü ýòîò ðåçóëüòàò.

Îïðåäåëèì êîëüöî Z[K] = Z[v1, . . . , vn]/IK, ãäå IK � îäíîðîäíûé èäåàë,
ïîðîæäåííûé ìîíîìàìè vσ =

∏
i∈σ vi, äëÿ êîòîðûõ σ 6∈ K : IK = (vi1 · . . . · vim :

{i1,. . ., im} 6∈ K).
Ðàññìîòðèì äèôôåðåíöèàëüíóþ áèãðàäóèðîâàííóþ ôàêòîðàëãåáðó (R(K), δR),

ïîëàãàÿ RK := (Λ[u1, . . . , un] ⊗ Z[K])/J , ãäå Λ[u1, . . . , un] � âíåøíÿÿ àëãåáðà, J �
èäåàë ïîðîæäåííûé ìîíîìàìè v2

i , ui ⊗ vi, i = 1, . . . , n. Ïðè ýòîì îáðàçóþùèì vi, ui
ïðèïèñûâàþòñÿ áèñòåïåíè

bideg vi = (1, 1), bideg ui = (1, 0),

à äèôôåðåíöèàë çàäàí íà îáðàçóþùèõ ñëåäóþùèì îáðàçîì: δRui = vi, δRvi = 0.
Îäíîðîäíóþ êîìïîíåíòó àëãåáðû RK áèñòåïåíè (p, q) îáîçíà÷èì Rp,q

K . Äèôôå-

ðåíöèàë δR ñîãëàñîâàí ñ áèãðàäóèðîâêîé: δR(Rp,q
K ) ⊆ Rp,q+1

K . Ðàññìîòðèì êîìïëåêñ

· · · δR→ Rp,q−1
K

δR→ Rp,q
K

δR→ Rp,q+1
K

δR→ . . . ,

åãî êîãîìîëîãèè îáîçíà÷èì Hp,q(RK). ßñíî, ÷òî êîãîìîëîãèè RK èçîìîðôíû

Hs(RK) =
⊕
p+q=s

Hp,q(RK).
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Òåîðåìà 1 (Áóõøòàáåð Â.Ì., Ïàíîâ Ò.Å. [1]). Êîëüöî êîãîìîëîãèé H∗(Cn\ZK)
èçîìîðôíî êîëüöó H∗(RK).

Îñíîâîé ðåçóëüòàò íàøåé ðàáîòû ñîñòîèò â òîì, ÷òî ïðèâåäåííàÿ âûøå áèãðàäó-
èðîâêà åñòåñòâåííî âîçíèêàåò íà êîëüöå H∗(Cn\ZK,C) êàê êîíñòðóêöèÿ èç àëãåáðà-
è÷åñêîé ãåîìåòðèè, à èìåííî, áèãðàäóèðîâêà ìîæåò áûòü îïèñàíà ÷åðåç ñìåøàííóþ
ñòðóêòóðó Õîäæà íà H∗(Cn \ ZK,C).

Îáîçíà÷èì ÷åðåç Wl âîçðàñòàþùóþ (âåñîâóþ) ôèëüòðàöèþ íà H∗(Cn \ ZK,C),
à ÷åðåç F k óáûâàþùóþ ôèëüòðàöèþ Õîäæà íà H∗(Cn \ ZK,C). Îïðåäåëåíèÿ ýòèõ
ôèëüòðàöèé ñì., íàïðèìåð, â [2]. Èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 2.

WlH
s(Cn \ ZK,C) '

⊕
p+q=s
p−q≤l−s

Hp,q(RK,C),

F kHs(Cn \ ZK,C) '
⊕
p+q=s
p≥k

Hp,q(RK,C).

Â ðàáîòå [3] áûë ïîñòàâëåí âîïðîñ ïîñòðîåíèÿ èíòåãðàëüíûõ ïðåäñòàâëåíèé ãî-
ëîìîðôíûõ ôóíêöèé, ÿäðà êîòîðûõ èìåþò ñèíãóëÿðíîñòè íà íàáîðàõ êîìïëåêñíûõ
êîîðäèíàòíûõ ïîäïðîñòðàíñòâ. Îáîçíà÷èì U åäèíè÷íûé ïîëèêðóã â Cn :

U = {z = (z1, . . . , zn) ∈ Cn : |zi| < 1, i = 1, . . . , n}.

×àñòè÷íûé îòâåò íà îáîçíà÷åííûé âûøå âîïðîñ äàåò ñëåäóþùàÿ

Òåîðåìà 3. Äëÿ ëþáîãî íåòðèâèàëüíîãî ýëåìåíòà èç F nHs(Cn \ ZK,C) ñóùå-
ñòâóåò ïðåäñòàâèòåëü â âèäå çàìêíóòîé (n, s − n)-ôîðìû ω è s-ìåðíûé öèêë γ
â Cn \ ZK, íîñèòåëü êîòîðîãî ëåæèò íà ãðàíèöå U, òàêèå, ÷òî äëÿ âñÿêîé ãîëî-
ìîðôíîé â îêðåñòíîñòè U ôóíêöèè f èìååò ìåñòî èíòåãðàëüíîå ïðåäñòàâëåíèå

f(z) =

∫
γ

f(ζ)ω(ζ − z), ãäå z ∈ U.
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Web geometry deals with families of foliations in general position. In the planar case
locally in C2 or globally on

P2 := P2(C)

, a d-planar webW(d) is given by the generic family of integral curves of respectively an
analytic or an algebraic di�erential equation of the �rst order F (x, y, y′) = 0 with degree
d. The main numerical invariant of such a W(d) is the rank of a local system given by
the abelian relations of W(d), that is special relations between the normals of its leaves.
This rank is bounded by

πd :=
1

2
(d− 1)(d− 2)

and the previous bound is optimal from Abel's addition theorem.
A d-planar web W(d) with d ≥ 4 in a neighborhood of 0 ∈ C2, with maximum rank,

gives rise to an analytic map

u : (C2, 0) −→ P̌πd−1 := G(πd − 2,Pπd−1)

which de�nes an analytic projective surface. In order to approach classi�cation of such
a W(d), some properties of this surface will be discussed. Characterizations of such a
surface will be presented by using in particular their (d−4)-principal curves that we will
de�ne. Links with the usual Veronese surface will be also given.

Methods and tools used illustrate the rich interplay between di�erential geometry
and algebraic geometry.
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Â îáëàñòè D ðàññìàòðèâàåòñÿ íåëèíåéíîå ïñåâäîãèïåðáîëè÷åñêîå óðàâíåíèå

∂ 2

∂ t2

(
u(t, x)− ν∂

2u(t, x)

∂ x2

)
+ µ

∂ 5u(t, x)

∂ t ∂ x4
+
∂ 4u(t, x)

∂ x4
= f (t, x, u(t, x)) (1)

ñ íà÷àëüíûìè

u(t, x)|t=0 = ϕ1(x),
∂

∂ t
u(t, x)|t=0 = ϕ2(x) (2)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x)|x=0 = uxx(t, x)|x=0 =

l∫
0

K(y)u(t, y) dy =

l∫
0

K(y)uy y(t, y) dy = 0, (3)

ãäå f (t, x, u) ∈ C (D ×R), ϕj(x) ∈ C5(Dl), ϕj(x)|x=0 = ϕ′′j (x)|x=0=
l∫

0

K(y)ϕj(y)dy =

=
l∫

0

K(y)ϕ′′j (y)dy = 0, j = 1, 2, K(y) ∈ C1 (Dl), D ≡ DT ×Dl, DT ≡ [0, T ],

Dl ≡ [0, l], 0 < T <∞, 0 < l <∞, 0 < ν, µ � ìàëûå ïàðàìåòðû.

Ôóíêöèÿ K(y) òàêàÿ, ÷òî äèôôåðåíöèàëüíîå âûðàæåíèå ∂ 4

∂ x4 ïðè ãðàíè÷íûõ
óñëîâèÿõ (3) ïîðîæäàåò ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæåííûé îïåðàòîð
ñ ÷èñòîòî÷å÷íûì ñïåêòðîì.

Èñïîëüçóåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííûé íà ïîèñêå ðåøåíèÿ ñìå-
øàííîé çàäà÷è (1)-(3) â âèäå ïðåäåëà

u(t, x) = lim
N→∞

N∑
i=1

ai(t) bi(x). (4)

Ïóñòü bi(x) � ñîáñòâåííûå ôóíêöèè äèôôåðåíöèàëüíîãî îïåðàòîðà ∂ 4

∂ x4 , óäîâëå-
òâîðÿþùèå ãðàíè÷íûì óñëîâèÿì

bi(0) = b′′i (0) =

l∫
0

K(y)bi(y)dy =

l∫
0

K(y)b′′i (y)dy = 0

è îáëàäàþùèå ñâîéñòâîì b
(IV )
i (x) = λ4

i bi(x), à λ4
i � ñîîòâåòñòâóþùèå ñîáñòâåííûå

çíà÷åíèÿ äàííîãî îïåðàòîðà.
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Îïðåäåëåíèå 1. Åñëè ôóíêöèÿ u(t, x) ∈ Ep(D) óäîâëåòâîðÿåò ñëåäóþùåìó
èíòåãðàëüíîìó òîæäåñòâó

T∫
0

l∫
0

{
u(t, y)

[
∂ 2

∂ t2
F (t, y)− ν ∂ 4

∂ t2∂ y2
F (t, y)− µ ∂ 5

∂ t∂ y4
F (t, y) +

∂ 4

∂ y4
F (t, y)

]
−

− f (t, y, u(t, y))F (t, y)
}
dydt =

l∫
0

ϕ1(y)

[
∂

∂ t
F (t, y)− ν ∂ 3

∂ t ∂ y2
F (t, y) + µ

∂ 4

∂ y4
F (t, y)

]
t=0

dy−

−
l∫

0

ϕ2(y)

[
F (t, y)− ν ∂

2

∂ y2
F (t, y)

]
t=0

dy (5)

äëÿ ëþáîãî F (t, x) ∈ W (2)
p (D), òî îíà íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì ñìåøàí-

íîé çàäà÷è (1)-(3).

Òåîðåìà 1. Åñëè λ4
iµ

2−4λ2
iν−4 < 0, òî êîýôôèöèåíòû ðàçëîæåíèÿ ai(t) ôîð-

ìàëüíîãî ðåøåíèÿ ñìåøàííîé çàäà÷è (1) � (3) óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå
íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÍÈÓ):

ai(t) = Wi(t) +

t∫
0

l∫
0

f

(
s, y,

N∑
j=1

aj(s)bj(y)

)
Gi(t, s)bi(y)dyds, (6)

ãäå

Wi(t) = exp
{
−1

2
ω1i(ν, µ)t

}[
ϕ1i cosω2i(ν, µ)

t

2
+

+
2

ω2i(ν, µ)

(
ϕ2i +

ϕ1i

2
ω1i(ν, µ)

)
sinω2i(ν, µ)

t

2

]
,

Gi(t, s) =
2 exp

{
−ω1i(ν, µ) t−s2

}
sinω2i(ν, µ) t−s2

ω0i(ν)
[
ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)s

] ,
ω0i(ν) = 1 + λ2

iν, ω1i(ν, µ) =
λ4
iµ

ω0i(ν)
, ω2i(ν, µ) =

λ2
i

√
4ω0i(ν)− λ4

iµ
2

ω0i(ν)
.

Äîêàçàòåëüñòâî. Ïðèáëèæåííîå ðåøåíèå ñìåøàííîé çàäà÷è (1) � (3) èùåì â âèäå

uN(t, x) =
∑N

i=1 ai(t)bi(x). Òàê êàê F = Fm(t, x) = h(t)bm(x) ∈ W k
p (D), ãäå 0 6=

h(t) ∈ C(DT ), òî ñ ó÷åòîì òîãî, ÷òî ôóíêöèè bi(x) ïîëíû è îðòîíîðìèðîâàíû â
Lp(Dl) èç (5) ñëåäóåò

t∫
0

[
ai(s)

(
h′′(s) + λ2

iνh
′′(s) + λ4

iµh
′(s) + λ4

ih(s)
)
−
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−
l∫

0

f

(
s, y,

N∑
j=1

aj(s)bj(y)

)
h(s)bi(y)dy

]
ds = 0.

Îòñþäà, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

a′′i (t) + ω1i(ν, µ)a′i(t) + ω1i(ν, 1)ai(t) =
1

ω0i(ν)

l∫
0

f

(
t, y,

N∑
j=1

aj(t)bj(y)

)
bi(y)dy. (7)

Ñèñòåìà (7) ðåøàåòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ è ïðè ýòîì
èñïîëüçóþòñÿ íà÷àëüíûå óñëîâèÿ ai(0) = ϕ1i, a

′
i(0) = ϕ2i. Òîãäà èç (7) ïðèäåì ê

ÑÍÈÓ (6).
Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:

a0
i (t) = Wi(t), a

k+1
i (t) = Wi(t)+

+

t∫
0

l∫
0

f

(
s, y,

N∑
j=1

akj (s)bj(y)

)
Gi(t, s)bi(y)dyds, k = 0, 1, 2, . . . . (8)

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. λ4n
i µ

2 − 4λ2
iν − 4 < 0;

2.
T∫
0

||f
(
t, x,

∑N
j=1 a

0
j(t)bj(x)

)
||Lp(Dl)dt ≤ ∆ <∞,

3. f (t, x, u) ∈ Lip
{
L(t, x)|u

}
, 0 <

l∫
0

||L(t, y) ||Lp(Dl)dy <∞;

4. ||W (t) ||BNp (T ) <∞.

Òîãäà ÑÍÈÓ (6) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå BN
p (T ) .

Äîêàçàòåëüñòâî. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Â ñèëó
óñëîâèé òåîðåìû, èç (8) ïî èíäóêöèè ïîëó÷àåì ñëåäóþùèå îöåíêè:

‖a1(t)− a0(t)‖Bp(T ) ≤M1M2l
1
q∆, (9)

ãäå M1 = ‖G(t, s)‖BNp (T ), M2 = ‖b(x)‖BNq (l),
1
p + 1

q = 1;

‖ak+1(t)− ak(t)‖Bp(T ) ≤ l
k+1
q Mk+1

1 M 2k+1
2 ∆

[ l∫
0

||L(t, y) ||Lp(Dl)dy
]k

k!
. (10)
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Ñóùåñòâîâàíèå ðåøåíèÿ ÑÍÈÓ (6) ñëåäóåò èç ñïðàâåäëèâîñòè îöåíîê(9) è (10),
òàê êàê ïðè k → ∞ ïîñëåäîâàòåëüíîñòü ôóíêöèé {ak(t)}∞k=1 ñõîäèòñÿ ðàâíîìåðíî
ïî t ê ôóíêöèè a(t) ∈ BN

p (T ). Ïðåäïîëàãàÿ, ÷òî ÑÍÈÓ (6) èìååò äâà ðåøåíèÿ, äëÿ

èõ ðàçíîñòè a(t) è ϑ(t) ∈ BN
p (T ) èìååì îöåíêó

‖a(t)− ϑ(t)‖BNp (T ) ≤M1M
2
2 l

1
q

t∫
0

‖L(s, x)‖Lp(Dl)‖a(s)− ϑ(s)‖BNp (T )ds . (11)

Èç ïðèìåíåíèÿ íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà ê îöåíêå (11) ñëåäóåò, ÷òî

‖a(t)− ϑ(t)‖BNp (T ) ≡ 0 .

Ïîäñòàíîâêà ðåøåíèÿ ÑÍÈÓ (6) â ðÿä (4) äàåò ôîðìàëüíîå ðåøåíèå ñìåøàííîé
çàäà÷è (1)-(3):

u(t, x) = lim
N→∞

N∑
i=1

[
Wi(t) +

t∫
0

l∫
0

f

(
s, y,

N∑
j=1

aj(s)bj(y)

)
bi(y)Gi(t, s)dyds

]
bi(x). (12)

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2 è ||W (t) ||Bp(T ) <∞. Åñëè

a(t) ∈ BN
p (T ) ÿâëÿåòñÿ ðåøåíèåì ÑÍÈÓ (6), òî ïðåäåë (12) ñõîäèòñÿ è äàåò

îáîáùåííîå ðåøåíèå ñìåøàííîé çàäà÷è (1)-(3).

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà òîì ôàêòå, ÷òî limN→∞ VN = 0, ãäå

VN =

T∫
0

l∫
0

{
uN(t, y)

[
∂ 2

∂ t2
F (t, y)− ν ∂ 4

∂ t2∂ y2
F (t, y)− µ ∂ 5

∂ t∂ y4
F (t, y) +

∂ 4

∂ y4
F (t, y)

]
−

−f
(
t, y, uN(t, y)

)
F (t, y)

}
dydt−

−
l∫

0

ϕN1 (y)

[
∂

∂ t
F (t, y)− ν ∂ 3

∂ t ∂ y2
F (t, y) + µ

∂ 4

∂ y4
F (t, y)

]
t=0

dy+

+

l∫
0

ϕN2 (y)

[
F (t, y)− ν ∂

2

∂ y2
F (t, y)

]
t=0

dy .
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Â îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå

∂ 2

∂ t2

(
u(t, x)− ν∂

2u(t, x)

∂ x2

)
+ µ

∂ 5u(t, x)

∂ t ∂ x4
+
∂ 4u(t, x)

∂ x4
= f (t, x, u(t, x), v(t− τ)) (1)

ñ íà÷àëüíûìè

u(t, x)|t=0 = ϕ1(x),
∂

∂ t
u(t, x)|t=0 = ϕ2(x), (2)

ãðàíè÷íûìè

u(t, x)|x=0 = u(t, x)|x=l = uxx(t, x)|x=0 = uxx(t, x)|x=l = 0 (3)

è äîïîëíèòåëüíûìè óñëîâèÿìè

u(t, x0) = ψ(t), 0 < x0 < l, (4)

v(t) = η(t), t ∈ E0, (5)

ãäå f (t, x, u, v) ∈ C
(
D ×R× U0

)
, ϕj(x) ∈ C5(Dl), ϕj(x)|x=0 = ϕ′′j (x)|x=0 =

ϕj(x)|x=l = ϕ′′j (x)|x=l = 0, j = 1, 2, ψ(t) ∈ C1
(
DT

)
, U0 � îòðåçîê íà äåéñòâèòåëü-

íîé îñè, D ≡ DT × Dl, DT ≡ (t0, T ), Dl ≡ (0, l), η(t) ∈ C (E0), E0 ≡
[
t0 − τ ; t0

]
,

0 < t0 < T <∞, 0 < l <∞, 0 < τ = const� T , 0 < ν, µ � ìàëûå ïàðàìåòðû.
Èçó÷àåòñÿ îáðàòíàÿ çàäà÷à äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ãäå

âîññòàíàâëèâàåìàÿ ôóíêöèÿ v(t) íàõîäèòñÿ â íåëèíåéíîé ïðàâîé ÷àñòè äàííîãî
óðàâíåíèÿ. Çàäàíèå óñëîâèÿ (5): âî-ïåðâûõ, ñâÿçàíî ñ çàïàçäûâàíèåì â àðãóìåíòå
âîññòàíàâëèâàåìîé ôóíêöèè v(t − τ) ; âî-âòîðûõ, íåîáõîäèìî îíî äëÿ îáåñïå÷åíèÿ
åäèíñòâåííîñòè ôóíêöèè v(t) è, â-òðåòüèõ, ñäåëàåò íåêîððåêòíî-ïîñòàâëåííóþ çà-
äà÷ó (1)-(4) êîððåêòíî-ïîñòàâëåííîé è îïðåäåëÿåò çíà÷åíèå íåèçâåñòíîé ôóíêöèè
v(t) â òî÷êå t = t0 , ò. å. v(t0) = η(t0) .

Èñïîëüçóåòñÿ ìîäèôèöèðîâàííàÿ ìåòîäèêà ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííàÿ
íà ïîèñêå ðåøåíèÿ ñìåøàííîé çàäà÷è (1) � (3) â âèäå ïðåäåëà:

u(t, x) = lim
N→∞

N∑
i=1

ai(t)bi(x), bi(x) =

√
2

l
sinλix, λi =

iπ

l
.
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Îïðåäåëåíèå 1. Ðåøåíèåì îáðàòíîé çàäà÷è íàçûâàåòñÿ ïàðà ôóíêöèé
{u(t, x), v(t)}, óäîâëåòâîðÿþùàÿ óñëîâèÿì (4), (5) è ñëåäóþùåìó èíòåãðàëüíîìó
òîæäåñòâó

T∫
t0

l∫
0

{
u(t, y)

[ ∂ 2

∂ t2
Φ(t, y)− ν ∂ 4

∂ t2 ∂ y2
Φ(t, y)+

+µ
∂ 5

∂ t ∂ y 4
Φ(t, y) +

∂ 4

∂ y 4
Φ(t, y)

]
− f (t, y, u(t, y), v(t− τ)) Φ(t, y)

}
dydt =

=

l∫
0

ϕ1(y)
[ ∂
∂ t

Φ(t, y)− ν ∂ 3

∂ t ∂ y2
Φ(t, y) + µ

∂ 4

∂ y4
Φ(t, y)

]
t=t0

dy−

−
l∫

0

ϕ2(y)
[
Φ(t, y)− ν ∂

2

∂ y2
Φ(t, y)

]
t=t0

dy.

Åñëè λ4
iµ

2 − 4λ2
iν − 4 < 0, òî ôîðìàëüíîå ðåøåíèå ñìåøàííîé çàäà÷è (1) � (3)

ìîæíî çàïèñàòü â âèäå

u(t, x) = u0(t, x) +

t∫
t0

l∫
0

Q (t, s, x, y) f (s, y, u(s, y), v(s− τ)) dyds, (6)

ãäå

u0(t, x) = lim
N→∞

N∑
i=1

wi(t)bi(x), Q (t, s, x, y) = lim
N→∞

N∑
i=1

Pi(t, s)bi(y)bi(x).

wi(t) = exp
{
−1

2
ω1i(ν, µ)t

}[
ϕ1i cosω2i(ν, µ)

t

2
+

+
2

ω2i(ν, µ)

(
ϕ2i +

ϕ1i

2
ω1i(ν, µ)

)
sinω2i(ν, µ)

t

2

]
,

Pi(t, s) =
2 exp

{
−ω1i(ν, µ) t−s2

}
sinω2i(ν, µ) t−s2

ω0i(ν)
[
ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)s

] ,
ω0i(ν) = 1 + λ2

iν, ω1i(ν, µ) =
λ4
iµ

ω0i(ν)
, ω2i(ν, µ) =

λ2
i

√
4ω0i(ν)− λ4

iµ
2

ω0i(ν)
.
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Óðàâíåíèå (6) ÿâëÿåòñÿ íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì Âîëüòåððà âòî-
ðîãî ðîäà îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè u(t, x) è íåëèíåéíûì èíòåãðàëüíûì
óðàâíåíèåì Âîëüòåððà ïåðâîãî ðîäà îòíîñèòåëüíî âîññòàíàâëèâàåìîé ôóíêöèè v(t).
Èñïîëüçóåì óñëîâèþ (4). Òîãäà èíòåãðàëüíîå óðàâíåíèå (6) ïðèîáðåòàåò âèä

ψ(t) = u0(t, x0) +

t∫
t0

l∫
0

Q (t, s, x0, y) f (s, y, u(s, y), v(s− τ)) dyds. (7)

Óðàâíåíèå (7) çàïèøåì â âèäå íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà

ïåðâîãî ðîäà îòíîñèòåëüíî ïàðû íåèçâåñòíûõ ôóíêöèé
{
u(t, x), v(t)

}
t∫

t0

l∫
0

Q (t, s, x0, y) f (s, y, u(s, y), v(s− τ)) dyds = g(t), (8)

ãäå g(t) = ψ(t)− u0(t, x0).
Èíòåãðàëüíûå óðàâíåíèÿ (6) è (8) ñîñòàâëÿþò ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

îòíîñèòåëüíî ïàðû íåèçâåñòíûõ ôóíêöèé
{
u(t, x), v(t)

}
:

u(t, x) = u0(t, x) +
t∫
t0

l∫
0

Q (t, s, x, y) f (s, y, u(s, y), v(s− τ)) dyds,

t∫
t0

l∫
0

Q (t, s, x0, y) f (s, y, u(s, y), v(s− τ)) dyds = g(t).

(9)

Äëÿ ðàçðåøèìîñòè ñèñòåìû (9) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé îòíî-
ñèòåëüíî íåèçâåñòíîé ôóíêöèè v(t) ïðåîáðàçóåì óðàâíåíèå (8). Ñëåäóåò îòìåòèòü,
÷òî êëàññè÷åñêèå ìåòîäû èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ íå ìîãóò ïðèâåñòè óðàâ-
íåíèÿ (8) ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà. Ïîýòîìó çäåñü èñ-

ïîëüçóåòñÿ äðóãàÿ ìåòîäèêà. Óðàâíåíèå (8) çàïèøåì â âèäå v(t) +
t∫
t0

F (s)v(s)ds =

H (t, s, u(s, x), v(s)) , ãäå 0 < F (t) � ïðîèçâîëüíàÿ ôóíêöèÿ â DT òàêàÿ, ÷òî

exp
{
−

t∫
t0

F (s) ds
}
� 1 ïðè t > t0 è H (t, s, u(s, x), v(s)) ≡

≡ v(t) +
t∫
t0

F (s)v(s)ds+ g(t)−
t∫
t0

l∫
0

Q (t, s, x0, y) f (s, y, u(s, y), v(s− τ)) dyds.

Îòñþäà, èñïîëüçóÿ ðåçîëüâåíòó ÿäðà [−F (s)], èìååì

v(t) = H (t, s, u(s, x), v(s))−
t∫

t0

F (s) exp
{
−α(t, s)

}
H (s, ξ, u(ξ, x), v(ξ)) ds, (10)

ãäå α(t, s) =
t∫
s

F (θ)dθ, α(t, t0) = α(t). Ïðèìåíÿÿ ê (10) ôîðìóëó Äèðèõëå, ïîëó÷àåì
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v(t) = H (t, s, u(s, x), v(s)) exp
{
−α(t)

}
+

+

t∫
t0

F (s) exp
{
−α(t, s)

}[
H (t, s, u(s, x), v(s))−H (s, ξ, u(ξ, x), v(ξ))

]
ds. (11)

Óðàâíåíèå (11) ýêâèâàëåíòíî óðàâíåíèþ (8) ïðè íà÷àëüíîì óñëîâèè (5). Îòñþäà
âìåñòî (9) ïîëó÷àåòñÿ íîâàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåð-

ðà âòîðîãî ðîäà îòíîñèòåëüíî ïàðû íåèçâåñòíûõ ôóíêöèé
{
u(t, x), v(t)

}
:{

u(t, x) = Θ1(t, x;u, v),

v(t) = Θ2(t;u, v),

ãäå ÷åðåç Θ1(t, x;u, v) îáîçíà÷åí îïåðàòîð â ïðàâîé ÷àñòè (6), à ÷åðåç Θ2(t;u, v) �
îïåðàòîð â ïðàâîé ÷àñòè (11).

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. λ4
iµ

2 − 4λ2
iν − 4 < 0;

2. f(t, x, u, v) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà ïî x;

3. max(t,x)∈D

t∫
t0

l∫
0

|Q (t, s, x0, y) || f (s, y, u, v) | dyds ≤ ∆ <∞;

4. f (t, y, u, v) ∈ Lip
{
L0(t, x)|u,v

}
, ãäå 0 <

t∫
t0

l∫
0

L0(s, y)dyds <∞;

5. maxt∈DT

t∫
t0

F (s)| g(t)− g(s)| exp
{
−α(t, s)

}
ds ≤ β <∞;

6. ρ = 2 max
{

maxt∈DT
M1(t); maxt∈DT

M2(t)
}
< 1,

ãäå M1(t) =
t∫
t0

l∫
0

|Q (t, s, x0, y) |L0 (s, y) dyds,

M2(t) =
(

1 +
t∫
t0

F (s)ds+M1(t)
)
M0(t),

M0(t) = exp
{
−α(t)

}
+ 2

t∫
t0

F (s) exp
{
−α(t, s)

}
ds.

Òîãäà îáðàòíàÿ çàäà÷à (1) � (5) èìååò åäèíñòâåííîå ðåøåíèå
{
u(t, x), v(t)

}
â

îáëàñòè D.



Òåçèñû äàíû â àâòîðñêîé ðåäàêöèè

Ïðîâåäåíèå êîíôåðåíöèè ïîääåðæàíî

Ñèáèðñêèì ôåäåðàëüíûì óíèâåðñèòåòîì,

Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé, ãðàíò 12-01-06074-ã,

Êðàñíîÿðñêèì êðàåâûì ôîíäîì ïîääåðæêè íàó÷íîé è íàó÷íî-òåõíè÷åñêîé
äåÿòåëüíîñòè.

Ïîäïèñàíî â ïå÷àòü 06.09.2012 ã. Ôîðìàò 60x84. Óñë. ïå÷. ë. 5.7

Ó÷.-èçä. ë. 5.5. Áóìàãà òèï. Ïå÷àòü îôñåòíàÿ.

Òèðàæ 100 ýêç. Çàêàç �8799

Îòïå÷àòàíî â ÏÖ ÁÈÊ. 660041 Êðàñíîÿðñê, ïð. Ñâîáîäíûé 82à.


